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Abstract 
 
This paper presents a comprehensive study on counter-intuitive or chaotic dynamic response of prototype discrete parameter models of 

single or multiple degrees of freedom subject to blast or impact loading. Non-linear dynamic behaviour of a typical single degree-of-
freedom (SDOF) and multi-degree-of-freedom (MDOF) systems are studied by taking into account cubic and quintic non-linearities, 
elastic perfect-plastic, and elastic-plastic-hardening and softening behaviours. The first part is founded on Duffing’s equation and Ueda‘s 
work on strange attractors which indicates the presence of chaos in deterministic systems by using chaos detection techniques such as 
Poincare’s mapping and Lyapunov’s exponents and in some cases by fractal dimensions. In these deterministic problems, the system 
hesitates to settle between two different possible settling regimes despite the fact that the input parameters to the system are deterministic. 
In a SDOF model with elastic perfectly-plastic or elastic-plastic-hardening resistance function the sign of the permanent plastic deforma-
tion may or may not coincide with that of loading direction hence chaotic behaviour can be observed. For an elastic-plastic-softening 
system, subjected to blast loading, the problem is sensitive to the ratio of post yield stiffness to initial stiffness and for certain ranges of 
this parameter a small change can replicate into an abrupt change in response. Examples are included of finite elements models with 
many degrees of freedom of beams and plates. As most intricate engineering structures are composed of these structural elements the 
existence of component chaos can imply global counter-intuitive behaviour.   
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1. Introduction 

Non-linear dynamical systems are encountered in many 
problems in the fields of science and engineering. From large 
amplitude vibration of a pendulum in structural and mechani-
cal engineering to heart beats in medical sciences and from 
predication of planetary motion of celestial objects in astron-
omy to the predication of weather in meteorology as well as to 
animal population growth problem in biology. Henry Poincare 
was the pioneer of the field and is, rightfully, named the foun-
der of non-linear dynamics. For some, the study of dynamics 
started and ended with Newton’s second law of motion 
(ΣF = ma). It was believed that if the nature of forces between 
the particles and their initial positions and velocities are 
known, one could predict the motion or history of a system 
forever. But there exist mechanical systems, whose parame-
ters are all deterministic, yet their final motion is unpredictable 
as some non-linear systems hesitate to settle between the two 
final motions. Such non-linear systems are sensitive to initial 

conditions and slight perturbations in these conditions can 
induce utterly different futures. 

Counter-intuitive response in structural engineering was 
first observed by Galiev [1] in 1970s. In his experiments, discs 
made up of different metals covering a circular hole in the 
thick wall of a tank were subjected to shock pressure pulses 
produced by detonating an explosive charge underwater. Per-
manent outward deflection was a common observation. But in 
one set of experiments when the pressure was increased in 
steps, at certain point the final deflection was inward, contrary 
to intuition. He concluded that the negative pressure behind 
the compressive shock front and cavitations in the test con-
ducted in water are mainly responsible for inward permanent 
deflection of discs [1-3].    

Independently, similar counter-intuitive response was ob-
served numerically, when a beam was subjected to im-
pact/blast load, by Symonds [4]. After the peak deflections 
were reached, there was a ‘recovery’ phase which initially 
involved elastic unloading. In turn, that resulted eventually to 
elastic vibrations. After these vibrations were damped out the 
structure was left in a state of permanent deformation and 
residual stresses. 

Following the same observed phenomenon of counter-
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intuitive behaviour by Symonds, research has been reported to 
validate it experimentally, analytically and numerically [5-9]. 
A number of research works have also been reported on the 
existence of counter-intuitive or chaotic behaviour in other 
types of structural elements e.g. plates, shells, elastic cable, etc. 
and on mathematical evidence of chaotic solution in second 
order non-linear differential equations in literature [9-14]. For 
some structural elements (bars, plates and shallow shells) it is 
found that within certain ranges of the loading parameters, it 
may be impossible to predict the response behaviour. This 
occurs because, for these structural elements, which obey non-
linear equations of motion, there may be an extreme sensitiv-
ity to changes to these loading parameters in some ranges. 
Actual values are known in practice only within a tolerance 
limit and the behaviour must be regarded as unpredictable. 
This phenomenon occurs typically in the ranges associated 
with the transition of response from purely elastic to mixed 
elastic and plastic [2]. 

In the case of SDOF systems with large defections, it is un-
avoidable to include cubic and quintic terms in the governing 
equation of motion; chaos can be detected qualitatively by 
observing phase space portrait of the system i.e. the plot of 
displacement vs. velocity with velocity taken as ordinate con-
ventionally and displacement as abscissa, and quantitatively 
by calculating Lyapunov’s exponent of motion for the system 
which portrays whether the two systems, exactly the same in 
defining parameters but one with slightly perturbed initial 
conditions are converging to a single point (also called point 
attractor) or diverging from one another with time (also called 
Chaos). Phase space is an abstract mathematical space 
spanned over the dynamical variables of the system. The state 
of dynamical system at a given instant in time can be repre-
sented by a point in this phase space. Lyapunov’s exponent is 
widely used for almost all initial conditions in a bounded dy-
namical system and is the criterion for deterministic chaos 
[15]. When a damped linear SDOF system is subjected to 
dynamic loading, the system starts vibrations and with time 
when the loading stage completes, the motion is damped out 
gradually depending upon the damping mechanisms associ-
ated with the motion and finally settles down to a single point 
which is sometimes referred as point attractor. Existence of 
non-linearities in the system is the necessary condition for 
chaotic motion. For a static problem, non-linearity is gener-
ated by several possible equilibrium configurations of the 
system which also modify its dynamics. The complexity in the 
motion of the system is the result of these conflicts in equilib-
rium configurations which may lead to chaotic motion. 

Sensitivity to initial conditions is a characteristic of chaotic 
behaviour. This uncertain behaviour forces the engineers not 
to use the established deterministic approaches towards the 
solution of some of non-linear problems and instead handle 
them in a probabilistic approach even if the system parameters 
are all deterministic [16]. 

Symonds and Yu [4] studied an elastic-perfectly-plastic 
beam under short duration pulse loading (impulsive loading), 

and showed that final permanent deflection may be in the 
direction opposite to that of load for certain ranges of input 
parameters. The numerical solution was carried out by seven 
finite element and two finite difference codes and surprisingly 
all codes predicated different responses for the same peak load 
amplitude which implies the problem is very sensitive to the 
input parameters as well as rendering the capability of an FE 
code to simulate these kinds of problems dubious. Forrestal et 
al. [17] reported on counter-intuitive phenomenon for an elas-
tic-plastic ring subjected to radial pulse pressure loading in 
which for certain ranges of pulse pressure, the final deflection 
of the ring rests in the opposite direction of the pulse loading. 
Experimental results by Ross et al. [18] demonstrated consid-
erable rebound of a fully clamped thin beam when subjected 
to an impulsive pressure load, which also showed that parts of 
the beam beside its mid-span may come to rest in the opposite 
direction of the applied loading and it was concluded that it is 
difficult to give reasons why the observed response was 
anomalous or counter-intuitive and hence it is not easy to ren-
der suitable the conditions in laboratory to ensure similar re-
sults are produced. The predication of existence of counter-
intuitive phenomenon in Ref. [4] was supported strongly by 
experiments in Refs. [9-15, 17-20]. Bassi et al. [10] demonstrated 
the existence of anomalous response in circular plates with fully 
fixed boundary and nonlinear elastic, perfect-plastic behaviour 
by using finite element code ABAQUS and by Galerkin models 
for one, two, three and eight degrees of freedom.  

Based on Symonds’s work [4], Q.M. Li and his co-workers 
[5] studied circular rings subjected to axisymmetric internal 
pressure pulse assuming elastic, linear plastic kinematic harden-
ing behaviour and it was shown that the counter-intuitive re-
sponse observed by Forrestal et al. [17] is due to the combined 
effects of plastic energy dissipation and the kinematic hardening 
of the ring material, which is totally different from the one re-
sponsible for the counter-intuitive responses observed in beams 
and plates. The result showed that counter-intuitive response 
can only be expected when hardening modulus is less than half 
of Young’s modulus and when the initial peak strain is in the 
range of counter-intuitive region and unlike elastic-plastic beam, 
in which the counter-intuitive region of the loading parameter is 
normally very narrow and appears and disappears abruptly, 
counter-intuitive regions for breathing mode response of a ring 
made of elastic, linear plastic kinematic hardening material are 
continuous and are not sensitive to the loading parameters. E.A. 
Flores-Johnson and Q.M. Li [21] conducted a series of numeri-
cal studies on the existence of counter-intuitive response in 
square plates subjected to impulsive loading and map for 
counter-intuitive region is defined by a non-dimensional num-
ber. The asymmetrical response for square plates is also re-
ported in the same work by introducing a small misalignment in 
full model of the plate. 

 
2. Problem definition 

In this paper, prototype SDOF and MDOF systems with 
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non-linear resistance functions representing a wide class of 
structures are studied. As for a SDOF model the lumped mass 
taut string shown in Fig. 1 (adopted from Ref. [22]) has been 
studied. SDOF models are simplified versions of continuous 
structures in which first mode of vibration are the dominant 
mode and is normally responsible for overall structural failure. 
Displacement of a SDOF system corresponds to displacement 
of the real structure at some important point for example the 
tip of a cantilever beam or midpoint of a plate subjected to 
impact loading [23] whereas MDOF systems are more realis-
tic representations of various dynamical systems with several 
significant vibration modes present in the response. 

The organization of the work is as follows: 
(1) In the first part of this work, a non-linear SDOF system 

is subjected first to transient and then to periodic loadings. In 
the governing equation of motion for the system shown in Fig. 
1 a quantic term has been included together with the usual 
cubic term. This ensures more of the nonlinearity has been 
incorporated into the model. Chaos has been detected by ex-
tracting phase space portrait of the solution and calculating 
Lyapunov’s exponent. A similar study is carried out for 2DOF 
system of nonlinear springs. 

(2) In the second part, a SDOF system is studied with elas-
tic-perfectly plastic and elastic-plastic hardening characteristic 
behaviours.  

(3) In the third part, sensitivity to the ratio of initial stiffness 
to post-yielding stiffness of elastic plastic softening SDOF 
systems is studied. 

(4) The last part consists of dynamic simulations of blast 
loaded plates and rings using finite element package 
ABAQUS/CAE 6.9-1 to verify the existence of counter- intui-
tive response in some simple structural elements and to show 
that the counter-intuitive windows of parameters for elastic-
perfect plastic and elastic plastic kinematic hardening are to-
tally different. 

 
2.1 Analytical modelling and response predication 

2.1.1 Analytical model (SDOF model) 
The equation of motion for a damped nonlinear system with 

odd degree physical nonlinearities up to the fifth order (e.g. as 
of the system shown in Fig. 1) is the following second order 
differential equation (Eq. (1)) 

 
 (1) 

 
where the over dot denotes differentiation with respect to the 

time. The equation of motion is obtained by applying the dy-
namic equilibrium to the system shown in Fig. 1 as following 
 

 (2) 
 

considering 
 

 (3) 
 

and also 
 

 (4) 
 

and 
 

. (5) 
 

And ignoring terms of higher order than 5 in the expansion of 
δ, the following differential equation is obtained (Eq. (6)) 

 

. 
(6)

 
 
Finally, substituting k1, k3 and k5 as a co-efficient for lin-

ear, cubic, and quantic terms in the Eq. (6) yields Eq. (1) 
where 

 
 (7) 

 
if 
 

 (8) 
 
Then 
 

. (9) 
 
In that case the nondimensionalization should be done by 

using any other parameter. 
 

 (10) 
 (11) 

 
In non-dimensional form, Eq. (6) can be written as  
 

 (12) 
 

where the following non-dimensional parameters are intro-
duced to derive Eq. (12) 

u

L L

Θ

 
 
Fig. 1. Taut string. 
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 (13) 

 (14) 

 (15) 
 (16) 
 (17) 

 
where L is some characteristic length of the problem under 
consideration e.g. the side of a square plate or the radius of a 
circular plate. The non-dimensional Eq. (12) has been solved 
numerically by employing the fourth order Runge Kutta (RK-
4) method in MATLAB [24] using ode45 for transient and 
periodic loadings.  

 
2.1.2 Response prediction 

 
2.1.2.1 Response under Transient Loading (SDOF model) 

In this part, a nonlinear system with cubic and quintic 
nonlinearities is subjected to pulse load P(τ) starting with the 
maximum value of Po and then descending to zero over a pe-
riod of time with the duration of τd as it represents a typical 
detonation process when neglecting the negative phase. The 
transient loading with rectangular i.e. constant load then a 
sudden drop at τd, triangular i.e. linear decay in τd or exponen-
tially decaying pulse shapes can be expressed using the gen-
eral expression introduced by Li and Meng [25] and shown in 
Fig. 2. 

 

 (18) 
. (19) 

 
Eq. (12) is solved numerically with initial conditions given 

in Eqs. (20) and (21), and the results are shown in Figs. 3 to  
8 for triangular, rectangular and exponential pulses, respec-
tively. 

 
 (20) 
. (21) 

P(τ)

P
o

t
d

τ

Rec

Tri

Exp

 
 
Fig. 2. Rectangular, triangular, and exponential loading time histories,
typical of high explosive detonation. 

 

 
 
Fig. 3. Time history under triangular pulse. 

 

 
          
Fig. 4. Phase space portrait under triangular pulse. 

 

 
 
Fig. 5. Time history under rectangular pulse. 

 

 
 
Fig. 6. Phase space portrait under rectangular pulse. 

 

 
 
Fig. 7. Time history under exponential pulse. 
 

 
 
Fig. 8. Phase space portrait under exponential pulse. 
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From the above response history along with corresponding 
phase space portrait, one can clearly see that there is no chaos 
in the response under transient loading. All the responses show 
a particular pattern in general, with first phase depending upon 
pulse shape and then the attractor settles down towards a single 
point when the vibration is damped out gradually. 

 
2.1.2.2 Response under periodic loading (SDOF model) 

Chaos can be observed qualitatively when the system 
shown in Fig. 1 is subjected to periodic loading. This chaos is 
in the form of a two-well potential problem (stability problem) 
where a ball can go towards left or right of the well when sub-
ject to a small perturbation as shown in the Fig. 9. 

To find the ranges of forcing frequencies and forcing ampli-
tudes for the system under study, extensive numerical simula-
tions were carried out by assuming β = 30 for coefficient of 
non-linear term which was relevant to the problem under 
study. So, Eq. (12) becomes 

 

.
 

(22)
 

 
A study similar to that of T. Fang E.H Dowell [26] on 

Duffing’s equation and of F. Benedettini and G. Rega [13] on 
elastic cables with quadratic and cubic non-linearities is car-
ried out for the system under study with cubic and quantic 
non-linearities. Chaos can be detected by observing phase 
space portraits of a simulation. Typical chaotic phase portrait 
is shown in Figs. 10 and 11. It can be visually observed that 
there is no regular or periodic pattern in response which vali-
dates the point that, although all the parameters of the system 
are deterministic yet the response is un-predictable and hence 
chaotic. 

In the numerical solution, forcing amplitude and forcing 
frequency were varied parametrically (γ = 0.25 to 3.5 and 
ω = 0.25 to 3.5). It has been observed that the response is cha-
otic when forcing amplitude is increased from 0.25 to 2. Be-
yond this point the response is periodic. The results are also 
validated by calculating Lyapunov’s exponent. 

If one imagines a set of initial conditions within a sphere of 
radius ε in the phase space, then the chaotic motions trajecto-
ries originating in the sphere will map the sphere into an ellip-
soid whose major axis grows as λtd = εe , where λ is known as 
Lyapunov ’s exponent. For regular motion λ ≤ 0, whereas for 
chaotic motion λ > 0. Lypaunov’s exponents are calculated in 
MATLAB for a few pairs of forcing amplitude and forcing 
frequencies and are presented in the Table 1.The Lypaunov’s 

exponent is calculated using the algorithm given in Ref. [27]. 
 
2.1.2.3 Response under periodic loading (MDOF model) 
For the sake of completeness a similar study to the one pre-

sented in the previous section is carried out for the multi-
degree-of-freedom system shown in Fig. 12 which consists of 
two masses attached to each other and to a fixed boundary 
through non-linear springs with the outer mass being sub-
jected to the simplest form of periodic loading (a simple har-
monic). The reason for the choice of two degrees of freedom 
is that a 2DOF system replicates all the important results an 
MDOF system can generate and all fundamental features of 
MDOF systems can be explained using a 2DOF system.  

 
 
Fig. 9. Two-well potential problem. 

 

Table 1. Lyapunov’s exponents for SDOF. 
 
Ω (forcing frequency) f (forcing amplitude) Lyapunov’s exponent

1 1.2 0.1949 

1 1.3 0.1834 

1 1.6 0.0617 

1.1 1.7 -0.0361 

1.2 1.9 0.0173 

1.3 2.1 -0.029 

1.3 2.5 -0.139 

1.4 2.6 -0.3246 

1.5 1.7 -0.0362 

1.7 2.5 -0.1396 

 

 
 
Fig. 10. Phase portrait (for γ = 1.7, ω = 1.1). 
 

 
 
Fig. 11. Phase portrait (for γ = 1.7, ω = 1.1). 

 

m1 m2

R1(u)

C1 C2

R2(u)

P(t)

 
 
Fig. 12. Two degree of freedom system. 
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The equations of motion for the MDOF system shown in 
Fig. 12 are given by Eqs. (23) and (24) as follows: 

 

 

(23)

 

 
(24)

 
 

where m1, m2 designate masses, C1, C2 are the damping coef-
ficients, and k1,k2 ,k5 are the stiffness coefficients for first and 
second degrees of freedom in the model. This means we pos-
tulate the stiffness coefficients for the springs to be the same 
while masses and damping coefficients are different for the 
two degrees of freedom. This reduces the level of complexity 
in the model and renders the analyses for discerning chaotic 
behaviour easier to conduct. Using the non-dimensional pa-
rameters introduces in the previous section, Eqs. (27) and (28) 
reduce to 

 

 
(25)

 

. 
(26)

 
 
For the 2DOF model, a similar study is conducted as in pre-

vious section for SDOF. The system is considered to be un-
damped and hence C1 and C2 both are equal to zero. A para-
metric study was carried out and the equations of motion were 
solved numerically in MATLAB using Runge-Kutta method 
of order 4. In Eqs. (25) and (26) forcing amplitude and forcing 
frequency were varied from 0.25 to 3.5. For the 2DOF system, 
the chaotic regime is very different than single degree of free-
dom systems. The response is chaotic for the values of forcing 
amplitudes between 0 and 1.75 beyond which the response 
becomes periodic. On the other hand, the response is inde-
pendent of forcing frequency for these particular combinations 
of frequencies and amplitudes. Some phase portraits along 
with displacement histories are shown in the Fig. 13-20. 
Lyapunov exponents are also calculated for a few pairs of 
frequencies and amplitudes and are given in the Table. 2. 
Where positive maximum Lyapunov exponent is the indica-
tion of chaotic motion. 
 
2.1.2.4 Chaos in SDOF systems with elastic-perfectly-plastic 

and elastic-plastic-hardening resistance elements  
In this part, the prototype non-linear SDOF system as 

 
 
Fig. 13. Displacement history 1st degree (for γ = 1.7, ω = 1.1). 
 

 
 
Fig. 14. Phase portrait 1st degree (for γ = 1.7, ω = 1.1). 
 

 
 
Fig. 15. Displacement history 2nd degree (for γ = 1.7, ω = 1.1). 
 

 
 
Fig. 16. Phase portrait 2nd degree (for γ = 1.7, ω = 1.1). 
 

 
 
Fig. 17. Displacement history 1st degree (for γ = 2.6, ω = 1.3). 
 

 
 
Fig. 18. Phase portrait 1st degree (for γ = 2.6, ω = 1.3). 
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shown in Fig. 1, is studied but with elastic-perfect-plastic and 
elastic-plastic-hardening behaviour. For simplicity the system 
is assumed un-damped, nonetheless; this will not affect the 
type of behaviour expected.  

 
2.1.2.4.1 Response of the elastic-perfectly-plastic system 

For an un-damped elastic-perfectly-plastic system, the equa-
tion of motion is as follows: 

. (27) 
 

With the resistance function r(u) being defined in Fig. 21. 
The slope of resistance curve is defined as 
 

. 
(28)

 
 
In the non-dimensional form, the above equation is written 

as 
 

. (29) 
 
Li and Liu [6] have studied the sensitivity of parameters in-

volved in the counter-institutive phenomenon encountered in 
elastic-plastic beam dynamics. The analytical model used in 
Ref. [6] consists of a sandwich beams with two deformable 
flanges (unit cell being called a Shanley cell). The flanges of 
Shanely cell can only sustain uniaxial load and are able to 
produce both membrane and bending resistances. This implies 
that a Shanely-type model is able to represent a beam when 
the transverse shear deformation is not significant and thus 
negligible. In order to simplify the analysis in Ref. [6] it is 
assumed that the pulse loading on the model is short and in-
tensive so that the maximum displacement is reached prior to 
the pulse loading being completed. This assumption implies 
that the recovery response phase of the model is determined 
only by the maximum displacement or the maximum rotation 
angle, and therefore, the external loading can be replaced by 
an initial rotation angle and hence it has been assumed that 
f(τ) = 0, and ov 0.=&  

The equation used in Ref. [6] is of the following form 
 

. (30) 
 
The values of k and F depend upon the stress states in the 

upper and lower flanges of the beam in the analytical model.  
The above Eq. (30) has been solved numerically using 

Newmark-β [28] with β = 1/4 and γ = 1/2 in Matlab using an 
algorithm given in Ref. [29] and with different initial values of 
displacements. For a very narrow range of initial displacement, 
the response is counter-intuitive. In all cases initial velocity is 
zero. 

 
. (31) 

 
The response is shown in the Figs. 22-24 and it can be seen 

that when Φ = 0.09, the response is counter-intuitive. 
 

2.1.2.4.2 Response of elastic-plastic-hardening system under 
transient loading 

In this part an SDOF system with bilinear elastic plastic ki-
nematic hardening is studied. The elastic plastic hardening 

Table 2. Lyapunov’s exponents for MDOF. 
 
Ω (forcing frequency) F (forcing amplitude) Lyapunov’s exponent

1 1.2 -0.7514 

1 1.3 -0.5815 

1 1.6 -0.4119 

1.1 1.7 -0.3356 

1.2 1.9 -0.1414 

1.3 2.1 0.4569 

1.3 2.5 1.368 

1.4 2.6 1.5795 

1.5 1.7 -0.3338 

1.7 2.5 1.3571 

 

 
 
Fig. 19. Displacement history 2nd degree (for γ = 2.6, ω = 1.3). 

 

 
 
Fig. 20. Phase portrait 2nd degree (for γ = 2.6, ω = 1.3). 

 
F

F
y

K
1

K
2
=0

U

-F
y  

 
Fig. 21. Elastic, perfectly plastic behaviour. 
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relationship is shown in Fig. 25. 
The equation of motion for this case remains the same as 

that of the previous case. 
 

. (32) 
 
The initial conditions are: 
 

 (33) 
. (34) 

 
The counter-intuitive phenomenon in such an SDOF system 

has been observed in Ref. [5] when a circular ring is subjected 
to triangular pressure pulse of different amplitudes. The 
counter-intuitive phenomenon in this case is different from the 

one observed in elastic plastic beams and plates where it only 
occurs in narrow ranges of amplitude and disappear abruptly 
which renders those problems highly parametric sensitive. The 
counter-intuitive phenomenon in this case is based on breath-
ing mode response of a circular ring and regions of counter-
intuitive response are continuous and are not sensitive to the 
loading parameters. According to Ref. [5], the counter-
intuitive response will not happen in bilinear elastic-plastic 
kinematic hardening material when its hardening modulus is 
greater than or equal to half of its Young’s modulus, in elastic- 
perfectly-plastic material or in bilinear elastic plastic isotropic 
hardening material. These observations are based on energy 
method and have been explained in Ref. [5]. The equation of 
motion for a single degree of freedom system in radial direc-
tion for different stages of response is given as: 

 

. 
(35)

 
 
Here in this case, only triangular loading has been consid-

ered. As in Ref. [5] ,the equation of motion is written for a 
thin plane-strain ring. Hook’s law for the plane-strain is 

 

.
 

(36) 

 
Combining the two equations gives  
 

 
(37)

 
 

where δ is given as 
 

.
 

(38)
 

 
The solution of Eq. (35) gives the elastic part of response. 

For plastic part, the equation is modified for plastic loading 
response stage and reversed elastic and plastic loading re-
sponse stages. These equations are given in detail in Ref. [5] 
and are the basis of simulations for elastic, plastic kinematic 
hardening circular ring carried out in the last part of the pre-
sent paper. 

 
2.1.3 Sensitivity studies for an elastic-plastic-softening sys-

tem 
In this part, a sensitivity study has been carried out for an 

elastic plastic softening system subjected to rectangular pulse 
load only. The resistance function used here is shown in the 
Fig. 26. 

In the non-dimensional form, the equation of motion which 
is the same as in Ref. [23] for elastic-plastic softening case is 
written as, 

 
 
Fig. 22. Response for initial angle Φ = 0.04. 

 

 
 
Fig. 23. Response for initial angle Φ = 0.09. 

 

 
 
Fig. 24. Response for initial angle Φ = 0.12. 
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Fig. 25. Elastic linear plastic, kinematic hardening behaviour. 
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For elastic range: 
 

. (39)  
For plastic softening range: 
 

 (40) 
 

where 
 

. 
(41)

 
 
Solving the above equation with initial condition  
 

 (42) 
. (43) 

 
Here the most general case has been assumed in which plas-

ticity begins before τd (where τd is the dimensionless load du-
ration). Displacements are computed analytically for two plas-
tic regimes, i.e. first for forced vibrations (i.e. after τe and be-
fore τd) and second for free vibrations (i.e. after τd). These 
equations are solved in Maple [30] to find time corresponding 
to maximum displacement.    

Then sensitivity to parameter ψ has also been studied and 
shown in Figs. 27 and 28. For realistic values of kβ and k, non-
dimensional parameter, ψ varies between 0.1 and 0.8. Where 
the value of 0.1 indicates the case in which kβ is 10% of k (the 
lower bound) and 0.8 (the upper limit) indicates kβ as 80% of 
k. From Figs. 27 and 28, it is clear that maximum displace-
ment increases as the ratio between initial stiffness and post-
yielding or plastic stiffness (softening in this case) increases 
up to a certain range and then start decreasing afterwards for 
both Phase 1 and Phase 2. 

 
2.2 ABAQUS/CAE 6.9-1 simulation results 

2.2.1 Elastic, perfectly plastic systems 
To show the existence of counter-intuitive in a simple struc-

tural element, some examples are adopted and ABAQUS/CAE 
6.9-1 [31] simulations are carried out. The first example con-

sists of a rectangular plate with pinned-ended constraints. The 
plate dimensions and material properties are shown in Table 3. 

Here it is important to mention that the material properties 
and the pulse shape with duration equal to 0.5 msec, are taken 
from Ref. [7]. The plate is modelled in ABAQUS using a 

F

F
y

K

K
β

U
U
y

U
u

 
 
Fig. 26. Elastic, linear plastic kinematic softening behaviour. 

 

Table 3. Simulation parameters for rectangular plate. 
 

Length (mm) 300 

Width (mm) 300 

Thickness (mm) 4 

E (GPa) 80 

σo (MPa) 300 

ρ (kg/m3) 2700 

ν 0.3 

td (ms) 0.5 

 

 
 
Fig. 27. Sensitivity of maximum displacement to stiffness Ratio for 
Phase 1 (forced plastic vibrations). 
 

 
 
Fig. 28. Sensitivity of maximum displacement to stiffness Ratio for 
Phase 2 (forced plastic vibrations). 
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Fig. 29. Pulse shape and elastic perfectly plastic stress strain relation. 
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general purpose shell element i.e. S4R which is a 4-noded 
doubly curved thin or thick shell, with reduced integration, 
hourglass controlled capable to capture finite membrane 
strains. The material of the plate is elastic-perfect-plastic. 
Counter-intuitive response was obtained for different ranges 
of loading parameters. The counter-intuitive window obtained 
in this example is slightly wider than that given in Ref. [7]. 
Counter-intuitive response is obtained when 0.86 MPa < po < 
1.12 MPa and the width of the window is less than 0.26 MPa. 
The results are deterministic as long as the system parameters 
and computation parameters are fixed and results are repeat-
able as also shown in Ref. [7]. But the change in computation 
parameter e.g. element type or FE software might change the 
location of counter-institutive window or might influence the 
existence of the counter-intuitive or anomalous response. The 
variation in average deflection during final elastic vibration 
phase for an elastic-plastic rectangular plate against the pres-
sure magnitude is shown in Fig. 30. 

A typical counter-intuitive response of the mid-point deflec-
tion of the studied plate which is obtained from 
ABAQUS/CAE 6.9-1 simulation for po = 0.95 MPa is shown 
in Fig. 32. 

The second example consists of a circular plate having elas-
tic, perfectly plastic behaviour with fixed boundaries. The 
plate dimensions and material properties are shown in Fig. 4. 

The plate is subjected to rectangular pulse with td = 0.2msec 
and is modelled in ABAQUS using general purpose shell ele-
ments. The counter-intuitive window in this case is very ir-
regular, especially during transition from purely elastic re-
sponse to mixed elastic and plastic response. To search for 
counter-intuitive window in terms of magnitude of pressure, 
50 simulations were carried out by increasing the pressure 
magnitude gradually in each simulation. A very irregular re-
sponse was observed which is shown in Fig. 33. 

A typical displacement time history of central point of the 
plate in transverse direction is shown in the Fig. 34. Hence it 
is found that unlike rectangular plate, the counter-intuitive 

 
 
Fig. 30. Variation of final mid-point displacement with loading inten-
sity (po). 

 

 
 
Fig. 31. Finite element model of the plate in ABAQUS/CAE 6.9-1. 

 

 
 
Fig. 32. Displacement time history of mid-point of the plate under
impact loading (po = 0.95 MPa). 

 

Table 4. Simulation parameters for circular plate. 
 

Radius (mm) 300 

Thickness (mm) 300 

E (GPa) 70 

σo (MPa) 300 

ρ (kg/m3) 2700 

ν 0.35 

td (ms) 0.2 

 

 
 
Fig. 33. Variation of final mid-point deflection with loading intensity 
po. 

 

 
 
Fig. 34. Finite element model of the circular plate in ABAQUS/CAE 
6.9-1. 
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window for circular plate is very random during the transition 
from elastic to mixed elastic plastic responses. This implies a 
phenomenon which can be termed as “second order chaos” 
where not only the response is chaotic but also the response 
direction ranges follow chaos.    

  
2.2.2 Elastic-plastic, kinematic hardening systems 

In this part of the work, simulations were carried out using 
Abaqus/CAE 6.9-1 for a ring type structure to validate the 
presence of counter-intuitive response for elastic plastic kine-
matic hardening material behaviour. The ring dimensions are 
the same as given in Ref. [5] and also presented in Table 5 and 

Table 6. Full ring has been modelled and is subjected to trian-
gular pressure pulse with duration of 10 μs. For Ring 1 whose 
tangent modulus is less than the one half of Young’s modulus 
counter-intuitive response is obtained. The displacement and 
strain time histories are shown in the Figs. 36-39. This dis-
placement is in the radial direction. 

 
3. Conclusions 

In this paper counter-intuitive or chaotic response of SDOF 
as well as MDOF systems with different resistance character-
istics is studied. Following conclusions can be drawn from 
this study. 

(1) In large deformation problems, with cubic and quantic 
non-linearity, there is no chaos when the system is subjected 
to transient loading.   

(2) The behaviour of the SDOF and MDOF system with 
cubic and quantic non-linearity is chaotic for certain ranges of 
forcing frequencies and forcing amplitudes when the system is 
subject to periodic loading. Therefore, for designing systems 
subjected to periodic loading such as structures with mounted 
electric machines etc, careful study of the system must be 
carried out to avoid these uncertain dynamic responses. 

Table 5. Dimensions and material parameters for Ring-1. 
 

Radius of the centre line (mm) 41 

Thickness (mm) 2 

E (GPa) 200 

Et (GPa) 50 

σo (MPa) 200 

ρ (kg/m3) 7830 

ν 0.3 

 
Table 6. Dimensions and material parameters for Ring-2. 
 

Radius of the centre line (mm) 41 

Thickness (mm) 2 

E (GPa) 200 

Et (GPa) 100 

σo (MPa) 200 

ρ (kg/m3) 7830 

ν 0.3 

 
 

 
 
Fig. 35. Displacement time of central point of the plate in transverse 
direction. 

 

 
 
Fig. 36. Displacement time history of a midpoint for Ring-1. 

 

 
 
Fig. 37. Strain time history for Ring-1. 

 

 
 
Fig. 38. Displacement time history of a midpoint of Ring-2. 

 

 
 
Fig. 39. Strain time history fo+r Ring-2. 
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(3) For SDOF systems with elastic perfect-plastic material 
behaviour, when subjected to short duration loading, behaves 
counter-intuitively for certain ranges for amplitudes. 

(4) It is also possible that in some case local counter-
intuitive response may be accompanied by large local plastic 
deformation and hence may lead to local failure of structural 
component. 

(5) For elastic plastic softening systems, maximum response 
increases as the ratio between initial stiffness and post-
yielding or plastic stiffness (softening in this case) increases 
up in a certain range and then start decreasing afterwards. 

(6) The existence of counter-intuitive response is validated 
by Finite element simulations in ABAQUS/CAE 6.9-1. The 
results indicate that the determination of window in which 
counter-intuitive response is expected depends upon the type 
of structure under consideration. For some structural types it is 
possible to determine the window in which the response is 
explicitly counter-intuitive, whereas in others, the ranges are 
varying, particularly during the transition from elastic to 
mixed elastic-plastic responses. Also there are some structural 
types such as circular ring in which the counter-intuitive win-
dow is continues.  

 
Nomenclature------------------------------------------------------------------------ 

a : Radius of the circular ring 
A : String’s cross sectional area 
C : Damping co-efficient 
E : Modulus of elasticity for string material 

yF  : Spring force at yielding point 
h : Ring height 

1k  : Co-efficient of linear stiffness term 
3k  : Co-efficient of cubic stiffness term 
5k  : Co-efficient of quintic stiffness term 

kβ  : Softening stiffness 
L : Length of string 
m : Mass of the system 

oP  : LoadingaAmplitude 
r(u) : Resistance function 
t : Time 

dt  : Duration of loading 
T : Tension in string 

oT  : Initial tension in string 
u : Displacement component 
v : Non-dimensional displacement 
w : Radial displacement in ring 
θ : Angle between initial & displaced position of string 
λ  : Loading shape parameter 
γ  : Loading shape parameter 
ρ : Density 
ψ  : Ratio of post yield stiffness to initial stiffness 
ε  : Strain 
α : Non-dimensional parameter 
β : Non-dimensional parameter 
δ : Non-dimensional parameter 

η : Non-dimensional parameter 
ω  : Excitation frequency 
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