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Abstract 
 
The technique of inverse design problem (IDP) for optimizing the three-dimensional shape of an axial-flow fan blade based on the de-

sired airflow rate is presented in this work. The desired volume flow rate of air can be obtained from the airflow rate of the existing axial-
flow fan by multiplying it with a constant which is greater than unity. The geometry of the redesigned fan blade is generated using nu-
merous design variables, which enables the shape of the fan blade to be constructed completely; thus the technique of parameter estima-
tion for the inverse design problem can be used in this study. Results show that with the redesigned optimal fan blade, the airflow rate of 
fan can be increased, thereby improving the performance of the axial-flow fan. Finally, to verify the validity of this work, the prototypes 
of the original and optimal axial-flow fan blades are fabricated and fan performance tests are conducted with these blades on the basis of 
the AMCA-210-99 standard. The algorithm used in the present study can be applied to the blade design problem in any propulsion and 
power systems.   
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1. Introduction 

Fans, due to their reliable and simple structures, are adopted 
widely in various industrial applications, such as in HVAC, 
computers, automobiles, ships and electronic appliance units. 
Additionally, different types of fans are applied depending on 
the specified purpose. Axial-flow fans are normally used 
when a higher air flow rate in the system is required. Gener-
ally, axial-flow fans can be used for cooling small electronic 
devices such as home appliances and personal computers.  

Because of the various applications of axial-flow fans, the 
fan blade design problem becomes an important issue to the 
fan makers. They have to develop their own design technol-
ogy efficiently. The analysis (or direct) problem needs be done 
repeatedly in the traditional design algorithms by modifying 
the design variables, so it depends strongly on the designer’s 
skills and experiences and requires much trial and error time 
to obtain the good design of the fan blades [1, 2]. 

In contrast to the traditional designing methods, the inverse 
design method provides an efficient algorithm to design an 
optimum blade shape that meets the operational conditions 
and specified constraints with minimum efforts [3-5], i.e., the 

time used for design modifications can be reduced. The direct 
fan blade problems are concerned with the determination of 
the air velocity, pressure and fan efficiency when the opera-
tional conditions, system parameters and the shape of fan 
blade are all specified. In contrast, the inverse design problem 
for axial-flow fan blade considered in this paper involves the 
determination of the optimal shape of fan blade for the axial-
flow fan based on the desired airflow rate of fan. 

Numerous studies regarding this topic can be found in the 
open literature. Lin et al. [6] applied an integrated approach 
combining the artificial neural network, the optimization algo-
rithm, computational fluid dynamics and the machining method 
to design an optimal three-dimensional blade for an axial-flow 
fan. Seo et al. [7] considered an optimum fan blade design prob-
lem to design the blade stacking line for an axial-flow fan with 
response surface method and evaluated the effects of sweep and 
lean on the performance of the fan blade. Lee et al. [8] presented 
a numerical optimization procedure in determining the optimum 
fan blades for a low-speed axial-flow fan with polynomial re-
sponse surface approximation model. Recently Lee et al. [9] 
used the inverse design code TURBOdesign-1to design the 
axial-flow fans for cooling condensers. 

A general purpose commercial code, CFD-ACE+, released 
by ESI-CFD Inc. [10], is adopted in the present work as the 
solver for three-dimensional Reynolds-averaged Navier-
Stokes equations with standard k-ε turbulence model. The 
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advantage of calling CFD code as a subroutine in this fan 
blade design problem lies in its characteristics of easily-
handling the moving grid problem considered here since it has 
the function of automatic grid generation. 

An important first step in the proper formulation of the 
problem is to identify design variables for the blade. If proper 
variables are not selected, the formulation will be either incor-
rect or not possible at all. At the initial stage of the problem 
formulation, all possible design variables should be investi-
gated. Sometimes it is desirable to designate more design va-
riables than may be apparent from the problem in the initial 
stage; later, it is possible to assign a fixed numerical value to 
any variable and thus eliminate it from the problem formula-
tion [11]. 

A four-digit-NACA airfoil NACA-mpta is used as the ini-
tial design for fan blade and the design variables are chosen as 
blade section parameters; for the case of NACA4609, the 
blade section parameters are 4 (m), 6 (p) and 09 (ta) three 
variables, setting angle (θ), twist angle (φ), blade root chord 
(Lr), blade end chord (Le), upper hub height (Hu) and lower 
hub height (Hl), respectively. The computation time for this 
blade design problem depends strongly on the number of de-
sign variables, so design variables should be selected appro-
priately. Essentially, design variables that have a strong effect 
on the fan performance should be selected. For this reason, the 
sensitivity analysis of these design variables must be exam-
ined to determine the critical design variables for use in the 
present inverse design problem. 

The Levenberg-Marquardt method [12] has proven to be a 
powerful algorithm in inverse design calculations. This in-
verse design method had been applied to predict the form of a 
ship’s hull in accordance with the desired hull pressure distri-
bution by Huang et al. [13]. Subsequently, Chen and Huang 
[14] applied it to predict an unknown hull form based on the 
preferable wake distribution in the propeller disk plane. Chen 
et al. [15] further applied it to the aspect of optimal design for 
a bulbous bow. Moreover, Huang and Chen [16] and Huang 
and Lin [17] applied the similar technique to design the shape 
of gas channel for a proton exchange membrane fuel cell. 

For this reason, the Levenberg-Marquardt algorithm is 
adopted in this paper to address the development of an effi-
cient method for parameter estimation in estimating the opti-
mal fan blade geometry that satisfies the desired (or optimal) 
airflow rate of fan. Finally, experiments are conducted based 
on the original and optimal fan blades to examine the discrep-
ancy between the numerical and experimental results. 

 
2. The direct problem 

For the numerical simulation model, a fan is located at the 
flow passage to drive the air and the fluid flow is assumed to 
be steady, incompressible, and three-dimensional. The three-
dimensional governing equations of continuity and momen-
tum in the steady turbulent main flow using the standard k–ε 
model are shown in Eqs. (1) to (5), respectively [18, 19]: 

i

i

u = 0
x

ρ∂
∂

,  (1) 

ji i
j t

j i j j i

uu p uu  = + [ ( + )]
x x x x x

ρ μ
∂∂ ∂ ∂ ∂

−
∂ ∂ ∂ ∂ ∂

,  (2) 

jt i i
j t

j j k j j i j

uk k u uu  = ( )+ ( + )
x x x x x x

μρ μ ρε
σ

∂∂ ∂ ∂ ∂ ∂
−

∂ ∂ ∂ ∂ ∂ ∂
, (3) 

2
jt i i

j 1 t 2
j j j j i j

uu uu  = ( )+C ( + ) C
x x x k x x x kε

ε μ ε ε ερ μ ρ
σ

∂∂ ∂ ∂ ∂ ∂
−

∂ ∂ ∂ ∂ ∂ ∂
. 

 (4) 
 
Since the Navier–Stokes equations are solved inside the 

duct domain, the no-slip boundary condition is applied to all 
the walls in the domain. Therefore, at all of the surfaces 

iu = 0. 
In this study, all the above continuity and momentum equa-

tions in the steady turbulent flow using the standard k–ε model 
are solved by a general purpose computational fluid dynamic 
code, employing a finite volume method, since it has the abil-
ity to handle this moving grids problem using the “GRID 
DEFORMATION” function embedded in it. The “moving 
grids problem” actually implies that the grids along the blade 
edge can be fitted well with the grids in the flow field when 
the blades are rotating. The boundary type of the model inlet 
was set with velocity-inlet and turbulence intensity. 

The outlet type was set with pressure-outlet. The construc-
tive computational grid system is built by commercial code 
CFD-ACE+. 

In addition, the coupled set of equations needs be solved it-
eratively, and the solution is considered to be convergent 
when the relative error in flow field between two consecutive 
iterations is less than a specified small number. Finally, the 
volume flow rate of the specific fan with known shape of 
blades can be obtained. 

 
3. Shape generation for fan blade 

The following nine design variables can be adopted to gen-
eralize the shape of fan blade: blade section parameters, m, p, 
ta (for the case of a four-digit-NACA airfoil NACA-mpta, the 
blade section parameters are namely m, p and ta three vari-
ables), setting angle (θ), twist angle (φ), blade root chord (Lr), 
blade end chord (Le), upper hub height (Hu) and lower hub 
height (Hl). The cross-sectional view of the NACA fan blade 
is shown in Fig. 1(a), while Fig. 1(b) indicates the design vari-
ables of the fan blade. 

The shape generating procedure for fan blade can be sum-
marized as follows: First, by applying the formula for a four-
digit-NACA airfoil, the cross-sectional data for the blade can 
be obtained and saved in a specified type file name. This file is 
imported into CFD code, together with the information of 
blade root chord and blade end chord; the shape of untwisted 
blade can be obtained by using the embedded function in CFD 
code. By assigning the setting angle, twist angle, hub diameter 
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and hub height, a single blade can be mounted on the hub, and 
finally the rest of blades can be duplicated by executing the 
rotate function in CFD code to obtain a complete fan blade. 

The preceding blade geometry generation process can be 
saved in a python type file name. To obtain the new complete 
fan blades, one needs just input the above nine design vari-
ables and run the python file. This simple fan blade generation 
process makes the fan blade design problem neat and efficient. 

 
4. The shape design problem 

The objective function for optimal design of an axial flow 
fan blade is commonly chosen as the fan efficiency. However, 
the reason for not choosing it as our cost function in this study 
is because that higher fan efficiency does not guarantee higher 
air flow rate of fan. For some high heat intensity producing 
applications, the system needs to be cooled down at any cost 
to prevent overheating. The only objective function that can be 
chosen for such applications becomes the fan air flow rate. 

For the shape design problem or inverse geometry design 
problem considered here, the shape of the redesigned fan 
blade is regarded as being unknown and is controlled by a set 
of design variables; in addition, the desired volume flow rate 
of air for fan is considered available. 

Let the design variables and desired volume flow rate of air 
be denoted by Bj and Θ, respectively; the inverse geometry 
design problem can then be stated as follows: utilizing the 
above mentioned desired volume flow rate of air, Θ, design 
the new shape for the fan blade, Ψ . It should be noted that the 
desired volume flow rate of air, Θ, is always at static pressure 
equal to zero: Ps = 0. 

The solution of the present inverse geometry design prob-

lem is to be obtained in such a way that the following func-
tional is minimized: 

 
2

j j[ ( )] {Q[ ( )] } U U  ;   j = 1 to PTJ B BΨ = Ψ − Θ = . (5) 
 

Here, Bj, j = 1 to P, represent design variables, i.e., 
 
Bj = B = {B1, B2, B3, B4, B5, B6, B7, B8, B9} 
      = { m, p, ta, θ, φ, Lr, Le, Hu, Hl}   (6) 
 

and Q[Ψ(Bj)] represents the estimated or computed volume 
flow rate of air at Ps =0. This quantity is determined from the 
solution of the direct problem given previously by using an 
estimated fan blade Ψ(Bj), with design variables Bj. If the es-
timated volume flow rate of air Q is close enough to the de-
sired volume flow rate of air Θ, the corresponding estimated 
fan blade Ψ(Bj) can be regarded as the optimal shape of the 
redesigned fan blade. 

When it requires that the perpendicular lengths of the chords 
for entire blade are the same, i.e., the sweep volume of blade is 
the same for all chords, the following constraint is needed: 

 
Lr sin  = Le sinθ φ× × .  (7) 
 
For this reason the design variable φ can be omitted here since 

it can be calculated from other three variables. Therefore, the 
variables used for the sensitivity analysis are taken as follows: 

 
B = {B1, B2, B3, B4, B5, B6, B7, B8}  

= { m, p, ta, θ, Lr, Le, Hu, Hl}.  (8) 
 
As was mentioned before, the identification of proper de-

sign variables for the fan blade is an important step in the pre-
sent design problem. In the initial stage of design it is desir-
able to designate more design variables than may be apparent 
from the problem; later, it is possible to assign a fixed numeri-
cal value to any variable and thus eliminate it from the prob-
lem formulation. For this purpose the following sensitivity 
analysis for the design variables will be done to select only the 
effective design variables to reduce the computer time in the 
design process. 

The influences of the design variables on the air volume flow 
rate are determined by perturbing the design variables Bj one at 
a time by ± 5% of the original value (for m, p and ta, used 
± 1) and computing the resulting changes in volume flow rate 
of air from Eqs. (1) to (4), i.e., the solution of the direct prob-
lem. If the changes in airflow rate are small for some design 
variables, these design variables are not sensitive to the design 
and can be set as fixed variables in the designing process. 

 
5. The Levenberg-Marquardt method (LMM) for 

minimization 

The next step in the analysis is the minimization of the least 
squares Eq. (5) by differentiating it with respect to each of the 

(a) 

 

 
(b) 

 
Fig. 1.The (a) geometric parameters of a two-dimensional NACA 
blade section; (b) design variables of the rotor blade. 
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unknown design variables. If P design variables are used, Eq. 
(5) is minimized with respect to the design variables Bj and then 
setting the resulting expression equal to zero. We thus found 

 
j j

j j

[ ( )] Q[ ( )]
 { }[Q ]= 0  ;   j = 1 to P

J B B
B B

∂ Ψ ∂ Ψ
= − Θ

∂ ∂
.  (9) 

 
Eq. (9) is linearized by expanding Q[Ψ(Bj) in Taylor series 

and retaining the first-order terms. Then a damping parameter 
μn is added to the resulting expression to improve conver-
gence. This will finally lead to the Levenberg-Marquardt 
method [12] and is given by 

 
n(  + I)μ Δ =F B D   (10) 

 
where 

 

F = ϑTϑ ,                 (11) 

D = ϑTU,  (12) 
n+1 nΔ = −B B B  (13) 

 
where the superscripts n and T represent the iteration index 
and transpose matrix, respectively, Ι is the identity matrix, and 
ϑ denotes the Jacobian matrix defined as 
 

T
Q ∂

=
∂B

ϑ .  (14) 

 
The Jacobian matrix defined by Eq. (14) is determined by 

perturbing the unknown parameters Bj one at a time and com-
puting the resulting change in volume flow rate of air from the 
solution of the direct problem. 

Eq. (10) is now written in a form suitable for iterative calcu-
lation as 

 
n+1 n T n 1 T +( + I) (Q )μ −= − ΘB B ϑ ϑ ϑ . (15) 

 
When μn = 0, Newton's method is obtained, as nμ → ∞ , 

the steepest-descent method is obtained. For fast convergence 
the steepest-descent method is applied first, then the value of 
μn is decreased; finally, Newton's method is used to obtain the 
inverse solution. The algorithm of choosing this damping 
value μn is described in detail by Marquardt 12. 

The bridge between CFD code and LMM is the 
INPUT/OUTPUT files. The information from CFD code to 
LMM is the calculated volume flow rate of air and the Jaco-
bian matrix, and the information from LMM to CFD code is 
the new estimated shape for the fan blade. These files should 
be arranged such that their format can be recognized by both 
CFD code and LMM. A sequence of forward fan blade prob-
lems is solved by CFD code in an effort to update the fan 
blade geometry by minimizing a residual measuring the dif-
ference between estimated and desired volume flow rate of air 

under the present algorithm. 
When the airflow rate is obtained the following equation 

can be used to calculate the efficiency of fan blade 
 

Ps Q η
τ ω

×
=

×
 (16) 

 
where Ps represents static pressure, τ is the torque of blade, 
and ω denotes fan speed. 

 
6. Computation procedure 

The iterative computational procedure for the solution of 
this inverse design problem using the Levenberg-Marquardt 
method can be summarized as follows. 

Choose an existing fan blade to start the computations; the 
design variables at the zeroth iteration, Bj

0, can be obtained 
from this blade and are used as the starting reference variables. 
The desired volume flow rate of air Θ is also given in the very 
beginning. 

 
Step 1. Solve the direct problem by using CFD code to ob-

tain the estimated or computed volume flow rate of air, 
jQ[ ( )]BΨ . 

Step 2. Check the stopping criterion; if not satisfied go to 
Step 3. 

Step 3. Construct the Jacobian matrix in accordance with Eq 
(14). 

Step 4. Update B from Eq. (15), and compute the new fan 
blade in accordance with the standard procedure stated in sec-
tion 3. Go to Step 1 and iterate. 

 
7. The statistical analysis 

Statistical analysis is important in determining the reliability 
of the estimated design variables. In this section the confi-
dence bounds analysis is developed for the estimated design 
variables, B, by assuming independent, constant-variance 
errors. The variance-covariance matrix of the estimated design 
variables vector B is defined as [20] 

 
Var-cov(B) [ ( )][ ( ]TE E E≡ − −B B B B)    (17) 
 

where B = B(Θ) is the unknown design variables vector, Θ is 
the desired volume flow rate of air, E( • ) denotes the statisti-
cal expected value (averaging) operator, and superscript T 
refers to the transpose. Eq. (17) is a nonlinear system for the 
determination of the variance-covariance matrix 

The right hand side of Eq. (17) is then linearized by expand-
ing B and E(B) in Taylor series and neglecting the higher-
order terms. We thus obtain 

 

( ) ( ) ( )Var-cov   [ ][ ]  
T

T
T E E E∂ ∂

∂∂
⎡ ⎤⎡ ⎤ ⎡ ⎤= Θ − Θ Θ − Θ ⎢ ⎥⎢ ⎥ ⎣ ⎦ ΘΘ⎣ ⎦ ⎣ ⎦

B BB . 

  (18) 
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For independent volume flow rate measurements with con-
stant variance σ2, we have 20 

 
( ) ( ) 2[[ ][ ] ]TE E E σΘ − Θ Θ − Θ = I .   (19) 

 
Introducing Eq. (19) into Eq. (18), the variance-covariance 

matrix becomes 
 

( ) 2Var-cov
T

T
∂ ∂σ

∂∂
⎡ ⎤⎡ ⎤

= ⎢ ⎥⎢ ⎥ ΘΘ⎣ ⎦ ⎣ ⎦

B BB .   (20) 

 
To express the right-hand side of Eq. (20) in terms of Jaco-

bian, the chain-rule is applied and the high-order terms are 
neglected. After some length manipulations the following 
equation is obtained: 
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Here, the Jacobian matrix and its transpose are evaluated 

from the results of direct problem by perturbing the unknown 
parameters. 

If we assume independent errors, the nondiagonal elements 
in the variance-covariance matrix vanish and can be written in 
explicit form as 
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Then a comparison of Eqs. (21) and (22) gives the standard 

deviation of the estimated parameters σB as 
 

1
T

T
Q Qdiag ∂σ σ

∂ ∂

−
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where σ is the standard deviation of the measurements for the 
air flow rate. This result is identical to the one given by Ma-
niatty and Zabaras [21]. Based on Eq. (23), if the measure-
ment error is assumed normal distribution, it is quite intuitive 
that the estimates are normal as well. 

Once the standard derivation of the estimated design vari-
ables is obtained, it is natural that some confidence bounds are 
of interest. For this reason Flach and Ozisik [22] proposed the 
equation of the confidence bounds for the estimated quantities. 

If we now assume a normal distribution for the measure-
ment errors, the 99% confidence bounds are determined as 22 

 
{ }2.576 2.576 =99%meanσ σ− ≤ ≤ +B BB B B .   (24) 

This expression defines the approximate statistical confi-
dence bounds for the estimated design variables vector B, i.e., 
the estimated values of design variables are expected to lie 
between these two bounds with 99% confidence. 

 
8. Experiments for fan blade performance testing 

A fan performance test was conducted with the original and 
optimal fan blades on the basis of the AMCA-210-99 standard. 
This standard defines uniform methods for conducting labora-
tory tests on house fans to determine airflow rate, pressure, 
power and efficiency at a given speed of rotation. The duct on 
the experiment is an outlet-side test duct of category B, and 
pitot tubes (united sensor) were used as the pressure sensor. 
The air volume flow rate was measured using the Yokogawa 
WT1600 power meter with an accuracy rating of ±0.1%. 

The purpose of the experiments is to test the accuracy of 
CFD code, i.e., to show that the numerical and experimental 
airflow rates for fan blades are consistent under the specified 
operational and geometrical conditions. The measurement of 
torque of blade is difficult in a fan blade experiment, so we 
substituted the calculated numerical value of torque into the 
fan efficiency equation, together with the measured air flow 
rate, static pressure and rotating frequency of fan blade, to 
calculate the experimental fan efficiency. 

 
9. Results and discussion 

The system variables for the original fan blade are shown in 
Table 1 and the shape of the fan blade can be constructed in 
accordance with the technique stated in section 3, SHAPE 
GENERATION FOR FAN BLADE, and the grid system for 
the fan blades and computational domain can be obtained 
automatically by using CFD code. Fig. 2(a) shows the compu-
tational domain of the fan-duct system considered here. After 
the fan blade grid systems are obtained, the volume flow rate 
of air can be calculated using CFD code. 

Table 1. The system variables for various fan blades considered in this 
work. 
 

 Original 
fan blade 

Optimal 
fan 

blade 

Designed 
fan blade 

#1 

Designed 
fan blade #2

NACA airfoil (mpta) 4609 5608 4506 4609 

Blade root chord (Lr, mm) 18.0 19.38 17.59 18.17 

Blade end chord (Le, mm) 33.0 37.86 30.64 34.18 

Setting angle (θ,°) 47 59 33.18 52.22 

Number of blades 7  7  7  7  

Fan speed (ω, rpm)  2500 2500 2500 2500 

Hub diameter (DHub, mm) 40.0 40.0 40.0 40.0 

Fan diameter (D, mm) 110.0 110.0 110.0 110.0 

Hub height (Hu+Hl=H, mm) 15.0 15.0 15.0 15.0 

Fan gap (mm) 2.0 2.0 2.0 2.0 

Air volume flow rate (Q, CFM) 78.19 88.84  63.0  83.0  
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From a sensitivity analysis for the design variables as was 
mentioned in section 4, the resulting changes in volume flow 
rate of air are listed in Table 2. Based on Table 2 it is obvious 
that by giving the same scale of perturbation for each variable, 
the corresponding changes are prominent for only the m, p, ta, 
θ, Lr and Le six variables. This implies that these six variables 
are sensitive to the volume flow rate of air, and therefore they 
are chosen as the key design variables in the present study, i.e. 
the design variables used for the present blade shape design 
problem are now taken as follows: 

 
B = {B1, B2, B3, B4, B5, B6 } 

   = { m, p, ta, θ, Lr, Le }.  (25) 
 
The rest of the system parameters are kept constant in the 

entire calculation. With the above six design variables the 
following fan blade design problem can be performed 

In the optimal fan blade design problem, a very large num-
ber for desired volume flow rate of air Θ at Ps equal to zero is 
assigned and the Levenberg-Marquardt method is utilized to 
obtain the optimal shape of fan blade that meets the require-
ment as close as possible. The objective function cannot re-
duce to a small number in this case, but the optimal shape for 
fan blade can still be obtained. 

By requiring 20% increase in the volume flow rate of air at 
Ps = 0, i.e., setting Θ = 93.8 CFM at Ps = 0, and using the 
system variables for the original fan blade as the initial 
guesses for the design variables. After six iterations, the de-
sign variables for m, p, ta, θ, Lr and Le can be obtained and 
are listed in Table 1. From there it can be learned that the vol-
ume flow rate of air for the optimal fan blade is only 88.84 

CFM at Ps = 0, i.e., the airflow rate is increased by 13.6% 
only, which implies that the increase of 20% airflow rate can-
not be reached, but still the best increase in airflow rate can be 
obtained. Fig. 2(b) shows the comparison of the blade shape 
for original and optimal fans. 

Next, it is of interest to examine that if the required airflow rate 
is less than 88.84 CFM, can the design algorithm obtain such a 
fan blade that meets the requirement exactly. First, it is required 
that Θ = 63 CFM at Ps = 0, (i.e., less than the airflow rate for the 
original fan), then it is increased to Θ = 83 CFM at Ps = 0. 

The design variables for the above two specified design 
problems can be obtained by utilizing LMM; after 5 and 6 
iterations, respectively, the design variables can be obtained 
and are listed in Table 1. From Table 1 it is clear that for the 
designed fan blade #1, the airflow rate is calculated as Q = 63 
CFM at Ps = 0, and for the designed fan blade #2, the airflow 
rate is calculated as Q = 83 CFM at Ps = 0. They are identical 
to the desired airflow rates, Θ = 63 CFM and Θ = 83 CFM, 
respectively. This implies that the present design can design 
the fan blade with specified airflow rate; of course, it must be 
less than the optimal airflow rate. 

The numerical solutions for original and optimal fans in 
Ps−Q and η−Q curves are shown in Figs. 3 and 4, respectively. 
It can be seen from these two figures that the optimal fan per-
forms better than the original fan since it has higher airflow 
rate under same static pressure and higher fan efficiency under 
same airflow rate. 

As was mentioned previously, the statistical analysis is im-
portant in determining the reliability of the estimated design 
variables. For this reason the 99% confidence bounds for the 
estimated variables must be calculated. For the optimal fan the 
airflow rate is obtained as 0.042 m3/s; assuming that the stan-

 
(a) 
 

 
fan 1: Original fan, 
fan 2: Optimal fan 

(b) 
 
Fig. 2. The (a) computational domain of fan-duct system; (b) a com-
parison of the original and optimal fan blades. 

 

Table 2. Sensitivity analysis for the design variables.  
 

Variable Perturbed  
condition Resultant CFM Percentage change 

in CFM 
θ=47.0° 49.35° (+5%) 79.94 +2.23% 

θ=47.0° 44.65° (−5%) 76.39 −2.30% 

Le=33.0 mm 34.65 mm (+5%) 79.26 +1.36% 

Le=33.0 mm 31.35 mm (−5%) 77.11 −1.39% 

Lr=18.0 mm 18.90 mm (+5%) 79.93 +2.22% 

Lr=18.0 mm 17.10 mm (−5%) 76.48 −2.19% 

Hu =5.0 mm 5.25 mm (+5%) 79.19 +0.23% 

Hu =5.0 mm 4.75 mm (−5%) 78.21 +0.02% 

Hl =10.0 mm 10.5 mm (+5%) 78.23 +0.05% 

Hl =10.0 mm 9.5 mm (−5%) 78.40 +0.26% 

NACA4609 NACA 3609 (m−1) 74.72 −4.44% 

NACA4609 NACA 5609 (m+1) 76.81 −1.77% 

NACA4609 NACA 4509 (p−1) 75.55 −3.37% 

NACA4609 NACA 4709 (p+1) 76.26 −2.47% 

NACA4609 NACA 4608 (ta−1) 76.65 −1.98% 

NACA4609 NACA 4610 (ta+1) 75.08 −3.98% 
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dard deviation of the airflow measurement is 10% error of the 
airflow rate, this means σ = 0.0042 can be used to calculate 
the standard deviation of design variables as well as the 99% 
confidence bounds. 

The calculated results for the standard deviation of design 
variables and the 99% confidence bounds are shown in Table 3. 
It can be seen that with 10% measurement error in airflow rate, 
the estimated standard deviation of design variables is very small, 
and thus the band of the 99% confidence bounds becomes very 
narrow. This implies that the present design algorithm is reliable 
since most of the design is within these narrow bounds. 

The accuracy of the solution from CFD code in flow field 
calculations for fans plays an important role in this fan blade 
design problem. If the solution from CFD code cannot repro-
duce the actual performance of the fan blades, the design can 

never be obtained accurately. The first task is thus to show the 
validity of the solutions from CFD code by comparing them 
with the experimental data. The benchmark problems for the 
numerical solution in airflow rate of fans using CFD code 
must be examined here based on the experiments conducted in 
this work for the original and optimal fan blades. 
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Fig. 3. Comparisons of the numerical and experimental results in Ps−Q 
curve for (a) original; (b) optimal fan blades. 

 
 

Table 3. The estimated standard deviation and 99% confidence 
bounces for the design variables in optimal fan blade with σ = 0.0042.
 

 θ Lr Le m p ta 

σB 0.00008 0.00019 0.00008 0.00021 0.00025 0.00012

Bmean-2.576σB 58.9997 19.3795 37.8597 4.9995 5.9993 7.9997

Bmean 59.0 19.38 37.86 5 6 8 

Bmean+2.576σB 59.0002 19.3805 37.8602 5.0005 6.0006 8.0003
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Fig. 4. Comparisons of the numerical and experimental results in η−Q 
curve for (a) original; (b) optimal fan blades. 
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For this reason the original and optimal fan blades must be 
CNC fabricated in accordance with our design. Figs. 5(a) and 
5(b) indicate the solid shapes for the original and optimal fan 
blades that were obtained from our numerical data. The numeri-
cal data can be used in the CNC machine to fabricate fan blades 

in reality that can be used in experiments. Figs. 6(a) and 6(b) 
show the fabricated original and optimal fan blades, respectively. 

The experimental apparatus for entire fan test section and 
fan blade test section is given in Figs. 7(a) and 7(b), respec-
tively, and the operational conditions for fan blades testing 
have been described in the preceding section. Figs. 8(a) and 
8(b) indicate the experimental results for Ps−Q and rpm−Q 
curves for original and optimal fan blades, respectively. From 
Fig. 8 it can be learned that the experiments performed quite 
well since the fan speed keeps almost constant at ω = 2500 
rpm for all the different testing cases considered here. The 
trend of the Ps-Q curve for both fan blades is also reasonable. 

The experimental results for original and optimal fans in 
Ps−Q and η−Q curves are also shown in Figs. 3 and 4, respec-
tively. It can be seen from Fig. 3 that at the design point (Ps = 
0), the airflow rates for original and optimal fan blades are 
obtained as 77.595 CFM and 84.842 CFM, respectively. This 
implies a 9.34% increase in the airflow rate. Although in nu-
merical simulations there is a 13.6% increase in the airflow rate 
for optimal fan blade, but still the design is effective since 
9.34% increase in the airflow rate is quite a significant number. 
However, at higher static pressure, the original fan blade has 
better performance in airflow rate. This may be due to some 

 
(a) 
 

 
(b) 

 
Fig. 5. The solid shapes for (a) original; (b) optimal fan blades. 

 

 
(a) 
 

 
(b) 

 
Fig. 6. The CNC machine fabricated (a) original and (b) optimal fan 
blades. 

 

 
(a) 
 

 
(b) 

 
Fig. 7. The experimental apparatus for the (a) entire fan test section;
(b) fan blade test section. 
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errors induced in the experiment measurements, but from Fig. 4 
it is clear that fan efficiency for the optimal fan blade is always 
higher than that for the original fan. From Figs. 3 and 4 we have 
obtained the evidence that the designed optimal fan blade in-
deed has better performance than the original fan blade. 

The final task is to compare the numerical results with the 
experimental results for both the original and optimal fans. 
The purpose of this check is to verify the accuracy of the 
above numerical optimal design for fan blades. Figs. 3(a) and 
3(b) show the comparisons of the numerical and experimental 
results in Ps−Q curve for the original and optimal fan blades, 
respectively. At the design point, Ps = 0, the numerical and 
experimental airflow rates are obtained as 78.19 CFM and 
77.59 CFM for original fan blade, respectively, i.e., the error 
is only 0.77%, while for optimal fan blade, they are obtained 
as 88.84 CFM and 84.84 CFM, respectively, and the error is 
also only 4.7%. The maximum error between the numerical 
and experimental airflow rates is calculated as 25.3% for the 

original fan and is 29.5% for the optimal fan. 
There always exists a discrepancy between experimental 

measurements and numerical simulation for any engineering 
problems. It may be due to either simulation error or experimen-
tal error or both. In the present study the error at the design con-
dition, Ps = 0, is very small, 0.77%, for the original fan and 
4.7% for the optimal fan, but for the other operation conditions, 
larger error can be obtained but that is still acceptable for engi-
neering applications. From the above results it can be concluded 
that the present numerical solutions for fan blade design prob-
lems are reliable and the design of blades can be used in reality. 

The comparisons of the numerical and experimental results 
in η−Q curve for original and optimal fan blades are shown in 
Figs. 4(a) and 4(b), respectively. It is obvious from Fig. 4(b) 
that the efficiency calculated by the numerical method is 
higher than that for the experimental result except for one 
position for the original fan blade at low airflow rate. This 
may be due to the experimental error performed in fan testing. 

 
10. Conclusions 

A fan blade design problem in estimating the optimal shape 
of a fan blade for an axial-flow fan based on the knowledge of 
desired volume flow rate of air, commercial CFD code and 
Levenberg-Marquardt method has been examined success-
fully in this study. Numerical calculations are performed first 
to design the optimal shapes of fan blades; experiments are 
conducted then to verify the accuracy and validation of the 
estimations. Results show that the present algorithm needs 
only a few iterations to obtain the optimal shapes of fan blades, 
and the volume flow rate of air and fan efficiency can both be 
increased by using the estimated fan blades. 

The advantages of using the present technique in designing 
the optimal shape of fan blades lie in the fact that (1) the time 
needed to redesigning the shape of blade can be shortened, 
and (2) the desired airflow rate can be well matched, when 
compared with the traditional trial and error method. 
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Nomenclature------------------------------------------------------------------------ 

Bj : Design variables 
E( • )  : The expected value 
Hl : Lower hub height 
Hu : Upper hub height 
J : Functional defined by Eq. (5) 
Le : Blade end chord 
Lr : Blade root chord 
m : Blade section parameter 
Ps : Static pressure 
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Fig. 8. The experimental results for Ps−Q and rpm−Q curves in (a)
original; (b) optimal fan blades. 
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Q : Calculated airflow rate 
ta : Blade section parameter 

iu  : Flow velocity 

 
Greeks 

ϑ  : Jacobian matrix defined by Eq. (14) 
Ψ : Fan blade domain 
μn  : Damping parameter 
η : Fan efficiency 
ω : Fan speed 
φ : Τwist angle 
θ : Setting angle 
Θ : Desired airflow rate 
τ : Torque of fan blade 
σ : Standard deviation 
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