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Abstract 
 
Flow acceleration with Lagrangian description is crucial to understanding particle movements in turbulent jet flows or dissipation sta-

tistics in isotropic turbulence. Laser Doppler anemometry is regarded as a suitable experimental tool for measuring flow acceleration, 
because scattering particles generate trajectories in the measurement volume, which process gives rise to flow acceleration at a fixed 
measuring point with the Lagrangian description. The most useful algorithm for processing Doppler signals is either the quadrature de-
modulation technique (QDT) or the iterative parametric method (alternatively, the minimization of least squares, LSM) as in the literature. 
In the present study, another algorithm using the Wigner-Ville transform (W-V) is introduced to give more accurate estimation of flow 
acceleration than the QDT or the LSM. Five signal-processing algorithms, including the QDT, the LSM, the MC (maximization of corre-
lation), and the W-V, were compared with each other in experiments with an impinging air jet flow with a cylindrical rod and a round 
free-air jet flow. Mean flow acceleration distribution in the streamwise direction was mainly investigated. Processing speeds for the 
above-mentioned signal-processing algorithms were checked to find the best algorithm, which has best performance with short process-
ing time. Although QDT was found to be an accurate algorithm with short processing time, it has limited applications to flows with large 
acceleration and high SNR. The MC was also found to be a good algorithm with moderate processing speed, which can be useful in 
flows with low SNR because the MC is an iterative parametric method. The W-V gave the most accurate values for flow acceleration; 
however, the processing time for this method was the slowest among the signal-processing algorithms.  
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1. Introduction 

Flow acceleration with Lagrangian description is crucial to 
understanding particle movements in turbulent jet flows or 
dissipation statistics in isotropic turbulence [1, 2]. Non-
invasive optical techniques, such as the laser Doppler anem-
ometry (LDA), the particle tracking velocimetry (PTV) and 
the particle image velocimetry (PIV), can provide measure-
ment of flow acceleration as well as of flow velocity [1, 3, 4]. 
All these techniques measure flow velocity at fixed points, 
which represent the Eulerian description of fluid flows. How-
ever, in the case of LDA, flow acceleration can be obtained 
with the Lagrangian description, even though the measure-
ment location is fixed at the coordinates according to the Eule-
rian description. It is because the measurement volume, in 
which two laser beams intersect, is large enough for scattering 
particles to undergo changes of flow velocity, when they pass 
through the fringes in the measurement volume. Because burst 

signals record particle trajectories in terms of phase, the LDA 
can obtain flow acceleration by revealing the phase informa-
tion in the burst signals. Second-order differentiation of the 
phase in the burst signals can give flow acceleration, which is 
Lagrangian [5-9]. This is called laser Doppler accelerometry. 

For processing burst signals by the LDA, Lehmann et al. 
(2002) have developed most of the signal processing algo-
rithms [4]. These algorithms are classified into three types: 
non-parametric (2-pt FFT), direct-parametric, and iterative-
parametric (alternatively, the minimization of least squares, 
LSM) algorithms. Nobach et al. (2006, 2010) and Nobach 
(2008) developed another signal processing algorithm, which 
exploits an iterative-parametric method, namely, the maximi-
zation of correlation (MC) to reduce processing time for esti-
mating flow acceleration with the same accuracy, as that of 
the LSM [5-7]. Bayer et al. (2008) preferred to adopt the 
quadrature demodulation technique (QDT) with narrow band-
pass filtering in developing a laser Doppler profile sensor [8]. 

However, there has yet been no mention of the time-
frequency technique, such as the use of Wigner-Ville trans-
forms (W-V). When Gazengel and Poggi (2005) measured 
acoustic particle velocities in an enclosed sound field, they 
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used the time-frequency technique [10]. There is also a con-
troversial issue that the time-frequency algorithm, such as the 
short time Fourier transforms (STFT) and the W-V, might 
have an averaging effect that gives an offset from the averaged 
flow acceleration [8]. 

In the present study, an LDA with a fiber-optic probe is 
employed to measure flow acceleration with the Lagrangian 
description in an impinging jet flow with a circular cylinder 
and a round free-air jet flow. Streamwise distribution of flow 
acceleration is measured along both the main flow direction 
and the radial direction, in the case of the round free-air jet 

flow. Derived flow acceleration, namely, VdV
dx

, plays a role 

as a reference value to test the measured flow accelerations, 
which are derived from the five signal processing algorithms 
(the 2pt-FFT, the QDT, the LSM, the MC, and the W-V). The 
processing time of each signal processing algorithm is also 
checked to consider calculation efficiency in obtaining the 
flow accelerations. 

 
2. Experimental apparatus and methods 

2.1 A fiber-optic LDA system 

A commercial 2-component fiber-optic LDA system (IFA 
750, TSI Inc.) was used to measure flow velocity and flow 
acceleration in 1) an impinging jet flow with a circular cylin-
der and 2) a round free-air jet flow; the apparatuses are shown 
in the schematic diagram (Figs. 1 and 2). A 3 W Ar+ laser 
(Inova 70C, Coherent Inc.) generated a laser beam to the LDA. 
A multicolor beam separator (Color Burst 9201, TSI Inc.) 
divided the laser beam into three wavelengths: 476.0, 488.0 
and 514.5 nm. The Bragg cell in the multicolor beam separa-
tor induced frequency shifts to the laser beams to differentiate 
the laser beams into unshifted and shifted components. RF 
signals with 40 MHz from a multicolor receiver (Color Link 
9230, TSI Inc.) were induced to operate the Bragg cell. Two 
wavelengths of the laser beams, namely, (488.0 and 514.5) nm 
components, consisted of each velocity component in a fiber-
optic LDA probe. 

For the fiber-optic LDA probe, the focal length of the 
transmitting lens was 362.8 mm, and the diameter of the lens 
was 60 mm. The cross angles between the two laser beams 
were 7.88° at 488.0 nm, and 7.89° at 514.5 nm. The expanded 
uncertainty for the beam crossing angle was found to be less 
than 0.22 % ( k  = 2.26). The averaged values of fringe spac-
ing were 3.55 μm at 488.0 nm, and 3.74 μm at 514.5 nm. 
Commercial software (FIND, TSI Inc.) was used to define 
hardware settings for the signal processor (IFA 750). The 
FIND software was used to control the PMT (photo multiplier 
tube) voltage within (770 ~ 920) V, the band pass frequency 
of (0.3 ~ 3) MHz at (2 ~ 10) m/s and (1 ~ 10) MHz at (10 ~ 
30) m/s, and the shift frequency at 200 kHz during the meas-
urement of burst signals. 

An in-house program with LabVIEW (8.6.1, NI Inc.) de-
fined the sampling frequency of 100 MHz, the high-pass cut-

off frequency of 3 MHz, the input voltage range of 2 Vpk-pk 
and the trigger level of ±0.02 V. An 8-bit digitizer (USB-5133, 
NI Inc.) sampled burst signals via the signal processor, as 
indicated in Fig. 1. The number of measurements for burst 
signals was 1,000 in the present experiment. MATLAB (7.10, 
Mathworks Inc.) was used to implement a narrow-band signal 
filtering and the five signal processing algorithms-the 2-pt 
FFT, the QDT, the LSM, the MC and the W-V-to calculate 
the flow velocity and the flow acceleration with the burst sig-
nals [4-10]. 

 
2.2 Alignment of a LDA probe 

A laser beam profiler (BeamON-VIS, Duma Optronics Inc., 
Israel) was used to measure the distribution of light intensity 
in the cross section of the laser beams. The CCD sensor of the 
laser beam profiler identified the crossing point of the two 
laser beams. Both the unshifted and the shifted beams showed 
good correlation with the Gaussian distribution at the cross 
section. The unshifted beams at 488.0 and 514.5 nm showed 
correlation values with the Gaussian distribution of more than 
90 %, while the shifted beams at 488.0 and 514.5 nm had 
correlation values of more than 88.5%.  

For detailed diagnosis of the laser beams, the beam quality 
factor 2M , which identifies the beam waist diameter, should 
have been measured [11]. Because 2M  is the ratio between 
the beam parameter product of a laser beam and that of an 
ideal Gaussian beam at the same wavelength, the Gaussian 
beam has the lowest possible beam parameter product [11]. 
However, 2M  has not been measured due to limitations of 

 
Fig. 1. Schematic diagram of measuring flow acceleration with LDA.

 

 
 
Fig. 2. Schematic diagram of an impinging jet with a circular cylinder.
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the present apparatus. Another type of beam profiler with a 
rotating slit, combined with an automated traverse, would be 
desirable for diagnosis of 2M . Instead, beam diameters of 
laser beams were measured by installing a pinhole with di-
ameter of 20 μm (P20S, Thorlabs Inc.) in front of a laser 
power meter (1918-C, 918D-SL-OD3, Newport Inc.). The 
beam diameters were 0.15 mm when the output power of the 
Ar+ laser was less than 1 W. 

A microscope lens was located at the focal plane of the 
transmitting lens, which was attached on the LDA probe. The 
purpose of the microscope lens was to locate the beam cross-
ing point at the focal plane of the transmitting lens. The laser 
beams were aligned by projecting them through the micro-
scope lens on the wall. The laser beam at wavelength of 476 
nm was also projected through the receiving optics to indicate 
the correct position for beam alignment. Three images by 
projecting the laser beams were coincident on the wall. The 
projected images were focused on a point by adjusting the 
tilting angles of two collimators, which were attached in the 
rear part of the LDA probe [12]. 

Variation of fringe spacing was measured with a rotating 
wheel by traversing the LDA probe in the horizontal direction, 
because the variation of fringe spacing affected the accuracy 
of flow acceleration as well as flow velocity. In addition, large 
portions of the expanded uncertainty for flow velocity meas-
urement by the LDA came from the fringe divergence in the 
measurement volume [13-15]. The validation rate was defined 
as the normalized sampling time to collect a certain number of 
burst signals, e.g., 5,000 samples, divided by the total sam-
pling time. The validation rate could be regarded as a prob-
ability density function to limit the effective range of burst 
signals in the measurement volume. It was because most of 
the burst signals were recorded when the scattering particles 
passed through the central area of the measurement volume. 
The distribution of the validation rate exhibited a shape similar 
to that of the Gaussian distribution because the number of 
samples was large enough to satisfy the central limit theorem 
[16]. The validation rate indicated that meaningful burst sig-
nals were found at -0.5 mm < z  < 0.5 mm. Here, z  was the 
horizontal axis of the measurement volume centered at the 
crossing point of the two laser beams. The expanded uncer-
tainty for the fringe spacing was found to be within 0.49 % 
( k = 2.20) at 488.0 nm, and 0.48 % ( k = 2.18) at 514.5 nm. 

 
2.3 Principle of LDA and its signal processing algorithms 

A burst signal can be defined as a sinusoidal function with a 
Gaussian window, and the argument of the sinusoidal function 
possesses information on flow velocity and flow acceleration 
[4, 8, 16]. 

 

 
(1)

 
 

Here, ( )s t  is a burst signal, A  is the flow acceleration 

[m/s2], V  is the flow velocity [m/s], η  is a constant to de-
termine the width of the Gaussian window [1/s2] which has a 
typical value of 3.125, 0φ  is phase angle [rad], t  is time [s], 
and xΔ  is the fringe spacing in the measurement volume 
[μm]. xΔ  is denoted as follows: 

   

 (2) 
 

Here, λ  is the wavelength of two laser beams [nm], θ  is 
the crossing angle of the two laser beams [rad]. In the present 
study, xΔ  = 3.55 μm (488.0 nm) or 3.74 μm (514.5 nm) as 
described in the section 2.1. 

Doppler frequency Df  can be expressed as in the follow-
ing [16]: 

 

 
(3)

 
 

In most cases, Df  can be obtained from the burst signal by 
assuming that there is no flow acceleration ( A = 0). In this 
case, Df  can be identified as the dominant frequency calcu-
lated by Fourier transforms of ( )s t . If A  is to be calculated, 
more elaborate signal processing algorithms other than the 
Fast Fourier Transform (FFT) must be introduced. 

The first method to calculate A  can be the 2-pt FFT. In 
this method, a burst signal is normalized to one by dividing 
the signal amplitude of the burst signal with the amplitude 
imposed by the Gaussian window. The normalized signal is 
then divided into two halves. Two separate Gaussian windows 
are multiplied to the first and the second fraction of the burst 
signal, respectively. If two Df  are calculated by applying Eq. 
(3) for each fragment of the burst signal, both V  and A  can 
be obtained as follows [4]: 

 

 (4) 

 (5) 
 

Here, tΔ  is the time difference of two central points between 
the first and the second fraction of the burst signal. If the sig-
nal length of ( )s t  is T  and the length of each fragmented 

signals is 
2
T , tΔ  can be 

2
T . tΔ  can be changed by a care-

ful selection considering how to divide the signal ( )s t  [4]. 
The 2-pt FFT algorithm can also be referred to as a non-
parametric algorithm in the literature [4]. 

The second method to calculate A  is the quadrature de-
modulation technique (QDT). The QDT is a direct method to 
induce A  by unwrapping the phase in the sinusoidal function 
of Eq. (1) [4, 8]. Sometimes, the Hilbert transform is used to 
unwrap the phase of a burst signal, which consists of complex 
variables. It is because the burst signal can be implemented by 
using a digital down-conversion (DDC) technique [8, 16]. The 
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QDT provides an unbiased estimator for V  and A  [4, 8]. 
However, the QDT is susceptible to electrical noises of the 
burst signal [4]. Therefore, a bandpass filtering is necessary to 
increase the signal-to-noise ratio (SNR) in evaluating V  and 
A  calculated by the QDT [8]. If unwrapped phase is denoted 

by φ , the unwrapped phase is expressed as in the following 
equation: 

 

. 
(6)

 
 

Here, ( )s t  is the Hilbert transform of ( )s t . To induce V  
and A , a second-order curve fitting is applied to the un-
wrapped phase [4, 8]. 

The third method to calculate A  is the minimization of 
least square method (LSM) using an optimization algorithm. 
In the literature, the LSM is categorized into an iterative pa-
rametric algorithm [4]. Eq. (1) becomes a model equation 
describing the burst signal measured by the LDA. The Least 
square sum, e , between the measured burst signal and the 
modeled burst signal is calculated as in the following: 

 
 (7) 

 
Here, ˆ( )s t  is the modeled burst signal according to Eq. (1) 
and ( )s t  is the measured burst signal. V , A  and 0φ  of 

( )s t$  can be thought of as the best estimate of V  and A , if 
the first-order partial differentiations of e  with respect to V , 
A  and 0φ  are equal to zero to minimize e . A MATLAB 

function (fminunc) facilitates this calculation to find V , A  
and 0φ  [17, 18]. 

The fourth method to calculate A  is the maximization of 
correlation (MC) using the same optimization algorithm. The 
main difference between the MC and the LSM is how to con-
struct the least square sum [5-7]. 

 

 (8) 
 

In this case, 0φ  of ( )s t$ , derived from Eq. (1), becomes use-
less, because the correlation of two signals is only important. 
Therefore, the modeled burst signal ( )s t$  can have two un-
known parameters V  and A . This reduces some complexi-
ties in calculating the two parameters with the same 
MATLAB function (fminunc). 

Finally, the fifth method to calculate A  is to use the 
Wigner-Ville transform (W-V). The W-V considers ( )s t  as a 
function of both time and frequency by linearly chirping the 
signal [19, 20]. 

 

 (9) 
 

Here, ( , )SW t f  is the Wigner-Ville transform, τ  is time 
delay [s], f  is frequency [Hz], and *( )s t  is the complex 
conjugate of ( )s t . A MATLAB function (tfrwv) is used to 

calculate the Wigner-Ville transform [19]. To induce V  and 
A , a first-order curve fitting is applied to the ridge of iso-

contours of the W-V as seen in Fig. 3. 

 
2.4 Uncertainty analysis of flow velocity and acceleration 

Standard uncertainty of V  can be derived as follows, re-
ferring to the ISO guide [21]: 

 

. 
(10)

 
 

Here, ( )u V  is the standard uncertainty of V  [m/s], ( )u λ  is 
the standard uncertainty of λ  [nm], ( )u θ  is the standard 
uncertainty of θ  [rad], and ( )Du f  is the standard uncer-
tainty of Df  [Hz]. ( )u λ  and ( )u θ  are the type B uncer-
tainties, which have some fixed values. On the contrary, 

( )Du f  becomes the type A uncertainty, which can have dif-
ferent values depending on the signal processing algorithms 
[21]. If the expanded uncertainty, ( ) ( )U V ku V= , is calcu-
lated, it has values less than 0.55 % ( k  = 2.09) at 488.0 nm, 
and 0.48 % ( k  = 2.11) at 514.5 nm. The expanded uncer-
tainty is displayed as error bars in the subsequent figures (Figs. 
4(a)-7(a)), and the uncertainty levels are comparable to those 
found in the literature on the uncertainty analysis of LDA [13-
15, 22]. 

To estimate the standard uncertainty of A , Eq. (3) is dif-
ferentiated with respect to time as in the following equation: 

 
(a) Wigner-Ville transforms 

 

(b) Variations of Doppler frequency 
 
Fig. 3. Signal processing of a burst signal using the Wigner-Ville trans-
forms. 
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(11)

 
 
Even though Eq. (11) is plausible in principle, there are  

some difficulties in estimating DDf
Dt

, because the material  

derivative of Df  must be determined experimentally. This 
explains why various signal processing algorithms are existing 
to obtain V  and A  from ( )s t . An alternative method to 
derive the standard uncertainty of A  is to assume the steady 
state of flow conditions during measurement of the burst sig-
nals. This enables to consider only the convective term in the 
material derivative of V  with respect to t . 

 

   
(12)

 
 

Here, Ddf
dx

 is the spatial derivative of 
D

f  in the main flow  

direction across the LDA measurement volume [1/m·s]. The 
standard uncertainty of A  can be expressed as in the follow-
ing equation: 

 

  

(13)

 
 

Here, ( )u A  is the standard uncertainty of A  [m/s2], and  
Ddfu

dx
⎛ ⎞
⎜ ⎟
⎝ ⎠

 is the standard uncertainty of Ddf
dx

 [1/m·s].  

Ddfu
dx

⎛ ⎞
⎜ ⎟
⎝ ⎠

 is the type A uncertainty, which has two main uncer- 

tainty factors. One is related to random errors in measuring 
random fluctuations of fluid particles by turbulent flows. The 
other is related to fringe divergence in the LDA measurement 
volume [4-8]. Although the flow acceleration fluctuations can 
be incorporated into estimating the random errors, the effect of 
fringe divergence cannot be estimated until analytical expres-
sions to describe the fringe spacing in the LDA measurement 
volume are identified [11, 23]. It is because the description on 
the fringe spacing includes the identification of the beam waist 
location, as mentioned in the section 2.2. The error bars to 
indicate the measurement ranges of A  in the subsequent 
figures (Figs. 4(c)-7(e)) are based on the expanded uncertainty  
of A , ( ) ( )U A ku A= , which might be underestimating  

Ddfu
dx

⎛ ⎞
⎜ ⎟
⎝ ⎠

 due to the difficulty in determining the beam waist  

locations. 

 
2.5 Apparatus for generating jet flow 

A cylindrical apparatus was used to generate jet flows by in-
jecting compressed air, as shown in Fig. 1 [24]. Three perfo-
rated plates were installed in the apparatus to stabilize the 

compressed air flow. A regulator (AR4000-04, SMC Inc.) was 
used to control the inlet pressure at around 0.3 bar. Another 
regulator of the same type (AR4000-04) confined the flow 
rates of the compressed air to (619 ~ 736) L/min. The com-
pressed air was emitted to the atmosphere as exhaust through 
a nozzle attached to the apparatus. A fog generator (F2010, 
SAFEX Inc.) generated scattering particles by heating fog 
fluids (Blitz Reflex, SAFEX Inc.). The fog fluids were used 
according to the manufacturer’s instructions to produce scat-
tering particles with an average diameter of 1.55 μm with a 
poly-disperse distribution of (0.05 ~ 2.85) μm [25]. There 
were slight co-flows for seeding the particles, because there 
was a connecting tube between the storage box of the fog gen-
erator and the cylindrical apparatus, as shown in Fig. 1. There 
should be little influence of the co-flows to the velocity distri-
bution in the jet flows, because the co-flows were generated 
by pressure difference between the storage box and the cylin-
drical apparatus. 

An ISA nozzle with diameter of 25 mm was attached to the 
apparatus to generate a round free-air jet flow. The flow ve-
locity and the flow acceleration distributions were measured 
between 10 mm and 390 mm from the nozzle exit plane in the 
streamwise direction. Radial distributions of the streamwise 
flow velocity and the streamwise flow acceleration were also 
measured at (10, 150 and 300) mm from the nozzle exit plane. 
During the jet flow measurements, the ambient temperature 
was (23.0 ± 0.6) °C ( k  = 2). The atmospheric pressure was 
maintained at (1.008 ± 0.002) bar ( k  = 2), and the relative 
humidity was (51.5 ± 0.7) % ( k  = 2).  

A 3-axis traverse (VP 9000, Velmex Inc.) was used to lo-
cate the measurement volume of the LDA in the jet flows. 
This enabled precise measurements of the flow velocity and 
flow acceleration in the streamwise direction along the center 
line of the nozzle and in the radial direction. In the case of 
measuring the radial distribution of the streamwise flow veloc-
ity component, the measurement volume was moved in a di-
rection perpendicular to the laser beam axis. This removed the 
ambiguity that arose by the fact that the measurement volume 
axis was aligned to the radial direction. 

In the round free-air jet, two flow conditions ( Q  = 619 
L/min and 736 L/min) were specified by flow velocity at the 
nozzle exit plane. The nozzle exit velocity was different for 
the different flow conditions, e.g., 21 m/s at Q  = 619 L/min 
and 25 m/s at Q  = 736 L/min. The potential core of the jet 
flows was identified within D  = 5, where D  was the noz-
zle diameter. The Reynolds number was in the range of 
33,000 ~ 39,000 for the round free-air jet. 

Geometrical parameters, illustrated in Fig. 2, describe flow 
configurations for an impinging jet flow with a cylindrical rod. 
The circular cylinder with diameter of 15 mm turned the 
round free-air jet into the impinging jet. The flow velocity and 
the flow acceleration were measured in a range between 1 mm 
and 10 mm from the surface of the circular cylinder. In the 
impinging jet flow, the Reynolds number based on the nozzle 
diameter was 39,000. 
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3. Experimental results and discussion 

3.1 An impinging jet with a circular cylinder 

An impinging jet was generated by placing a circular cylin-
der in a round free-air jet flow, as shown in Figs. 1 and 2, to 
examine the measurement accuracy of the flow acceleration 
[8]. The impinging jet imparted large decelerations to the scat-
tering particles in the vicinity of the cylinder, as displayed in 
Fig. 4(a). In the figure, 1x  is defined as the horizontal axis 
from the center of the cylinder against the flow direction (see 
Fig. 2). The measurement location was confined to -10 mm ≤ 

1 1x ≤ −  mm. The cylinder was located at D  = 6 or 10 from 
the jet exit plane. The SNR of burst signals in the flow was 
20.7 ± 0.2 dB in the vicinity of the cylinder.  

When the cylinder was located at x
D

 = 6, the mean veloc- 

ity decreased as 1x  approached to -1 mm. Turbulence inten-
sity increased due to the large velocity fluctuations stemming 
from the impingement of flow on the cylinder surface. The  
amount of velocity change was reduced at x

D
 = 10 because  

the cylinder was located further downstream compared with  

the case of x
D

 = 6. The increase of turbulence intensity at  
x
D

 = 10 was also smaller than that of x
D

 = 6. Mean flow  

accelerations at both x
D

 = 6 and 10 exhibited deceleration in  

the range of (-30,000 ~ 0) m/s2, as shown in Figs. 4(c) and  

4(d). Flow deceleration at x
D

 = 6 was larger than that at x
D

  

= 10, because there were stronger velocity changes in the vi- 
cinity of the cylinder. The error bars are also shown in the 
figures and the range of deviation can be seen to be on the 
order of O (1,000 m/s2). 

The derived flow acceleration is denoted in Fig. 4 as VdV
dx

.  

Because the derived acceleration was based on the flow veloc- 
ity, the magnitude of the error bars was rather smaller than  
that of measured flow acceleration by various signal process 

ing algorithms. Therefore, VdV
dx

 could be used as the refer- 

ence value to examine the accuracy of the various signal proc- 
essing algorithms [4]. However, the derived flow acceleration 
was only applicable in the flows, where velocity gradients 
could be measured, such as the impinging jet. The measured 
and the derived flow accelerations displayed good agreement, 
as can be seen in Figs. 4(c) and 4(d), because there were 
strong flow decelerations in the impinging jet. Flow decelera- 

tions at x
D

 = 10 showed better agreement than those at x
D

  

= 6. This discrepancy might be because the accuracy of flow 
deceleration measurement was dependent on the magnitude of  
the flow acceleration as well as on the relative fluctuations of  

the acceleration, 'a
A

. About this, it could be conjectured that  
the turbulence intensity might give an idea of the measure-
ment accuracy of the flow acceleration. For example, in a flow 
with higher turbulence intensity, the relative acceleration fluc- 

tuations a'
A

 were large enough to reduce the lowest possible  

limit for flow acceleration. Therefore, the different turbulence  
levels agreed better between the measured and the derived  

flow accelerations at x
D

 = 10. In particular, the W-V agreed  

with the derived flow acceleration better than other signal-
processing algorithms. The agreement is prominent where 

 
(a) Mean velocity 

 

 
(b) Turbulence intensity 

 

 
(c) Mean acceleration at / 6x D =  

 

 
(d) Mean acceleration at / 10x D =  

 
Fig. 4. Flow velocity and flow acceleration in an impinging jet with a 
circular cylinder. 
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both the turbulence intensity and the mean flow acceleration is  
low, at 1 6x ≤ −  mm and x

D
 = 6. 

Bayer et al. (2008) showed the measured flow acceleration 
distribution around a thin metal wire in a uniform flow [8]. 
The measurement location was -0.2 mm ≤ 1x  ≤ 0.05 mm and 
the diameter of the metal wire was 80 μm. The flow decelera-
tion was measured at -1,200,000 m/s2 ≤ A  ≤ 0 m/s2. There-
fore, the flow deceleration was very large and the extent of the 
measurement location was very small compared with the pre-
sent experimental setup. This was possible because the laser 
Doppler profile sensor measured the flow acceleration distri-
bution within three overlaps of measurement volume [8]. 
Therefore, the laser Doppler profile sensor could provide high 
SNR of burst signals, which induced quite good agreements 
between the measured and the derived flow accelerations in 
the vicinity of the wire. On the contrary, the present LDA 
setup could measure only one flow acceleration value within 
the measurement volume. This imposed spatial limitations on 
the flow acceleration measurement in the impinging jet flow 
with the circular cylinder. For example, the flow deceleration 
was (-30,000 ~ 0) m/s2 in the range of -10 mm ≤ 1x  ≤ -1 mm, 
as shown in Figs. 4(c) and 4(d). The minimum measurable 
flow acceleration was lowered and the measurement locations 
for flow acceleration were extended in comparison to those 
values shown in the previous work [8].  

In addition, the location of the circular cylinder ( x
D

 = 6  
and 10) was not in the potential core region but in the turbu-
lent flow region of the round free-air jet. The location of the 
circular cylinder affected the quality of agreement between the 
measured and the derived flow accelerations in terms of the 
SNR of burst signals and the turbulence intensity. This was 
because the SNR of the burst signals and the turbulence inten-
sity decreased as the measurement location went upstream 
from the surface of the circular cylinder. 

 
3.2 A round free-air jet: streamwise distribution of stream-

wise flow velocity and acceleration 

A round free-air jet was generated to further examine the 
performance of flow acceleration measurement by the signal 
processing algorithms. The inlet streamwise velocities were 
(21 and 25) m/s, which corresponded to Q  = (619 and 736) 
L/min, respectively. Here, Q  is the flow rate discharged 
from the nozzle. The inlet streamwise velocities were meas- 
ured at x

D
 = 0.4 because of the limited accessibility of the  

LDA probe in the vicinity of the nozzle in the jet flow. The  
SNR was 17.0 ± 0.2 dB at x

D
 = 10, when Q  = 736 L/min;  

therefore, the SNR was lower than the SNR in the impinging 
jet flow. 

The mean velocity distributions indicate that the measure- 
ment range of 0 ≤ x

D
 ≤ 5 belonged to the potential core, as  

can be seen in Fig. 5(a). The mean velocity distribution was  
relatively constant in this region. As flow went downstream  

from x
D

 = 5, the mean velocity decreased. The flow velocity  
distribution did not show any self-similarity because the self- 
similarity region began at x

D
 > 30, while the measurement  

range was less than x
D

 = 15 [26]. The turbulence intensity in  

the potential core was about 5 %. The turbulence intensity  
increased, when the measurement location went downstream  

 
(a) Mean velocity 

 

 
(b) Turbulence intensity 

 

 
(c) Acceleration at 619 L / minQ =  

 

 
(d) Acceleration at 736 L / minQ =  

 
Fig. 5. Flow velocity and flow acceleration in a round free-air jet 
(streamwise direction). 
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from x
D

 = 5 to 10, as can be seen in Fig. 5(b). After that, the  
turbulence intensity attained at around 20 % at x

D
 > 10. The  

turbulence intensity levels between the two flow rates of Q   
= (619 and 736) L/min were almost identical. 

The derived flow acceleration gave rather weak flow decel-
erations in the jet flow because there were no means of flow 
impingement like a circular cylinder, which can generate 
strong velocity decelerations in the streamwise direction. The 
derived flow acceleration was -1,000 m/s2 ≤ A  ≤ 120 m/s2 at 
Q  = 619 L/min, and -1,500 m/s2 ≤ A  ≤ 300 m/s2 at Q  = 
736 L/min, as found in Figs. 5(c) and 5(d). The signal-
processing algorithms, except for the W-V, produced flow 
accelerations greater than zero (1,700 m/s2 ≤ A  ≤ 11,500 
m/s2). However, the W-V estimated flow accelerations at 
around zero flow acceleration between (-7,000 and 4,000) 
m/s2, with relatively large error bars. Because of these error 
bars, it seemed that W-V might give correct values for flow 
acceleration, which was consistent with the derived flow ac-
celeration. 

 
3.3 A round free-air jet: radial distribution of streamwise 

flow velocity and acceleration 

Radial distributions of streamwise flow velocity and accel-
eration were displayed when Q  = 619 L/min, as shown in 

Fig. 6. The measurement locations were x
D

 = 0.4, 6 and 12. 

The mean velocity distribution showed the effect of mixing as 
the measurement locations went downstream of the nozzle, as 
shown in Fig. 6(a). The turbulence intensity distribution indi-
cates the effect of mixing at the shear layers where the jet and 
the quiescent flow met [26]. The turbulence intensity 
amounted to 30 % of the mean flow velocity, as indicated in 
Fig. 6(b). Note that error bars for V  are hidden behind each 

symbol except at x
D

 = 12 in Fig. 6(a). This means that 

( )u V  is small, except for the region where turbulence levels 
are greater than 20 %, as seen in Fig. 6(b). 

The measured flow accelerations between the W-V and the 
other signal-processing algorithms did not agree with each 
other, as can be seen in Figs. 6(c)~6(e). The W-V showed 

flow accelerations within (-2,000 ~ 2,400) m/s2 at x
D

 = 0.4, 

while the other signal-processing algorithms displayed rates 
between -2,800 m/s2 and 8,200 m/s2, as can be seen in Fig. 
6(c). In comparison with the streamwise distribution of the 

derived flow accelerations VdV
dx

 seen in Fig. 5(c), the W-V 

might give a better distribution of flow accelerations in the 
radial direction. 

At x
D

 = 6, there were also discrepancies of flow accelera-

tions between the W-V and the other signal-processing algo-
rithms in Fig. 6(d). The discrepancy was clearly observed 

 

 

 

 
 
Fig. 6. Flow velocity and flow acceleration in a round free-air jet at 
Q = 619 L/min (radial direction). 
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when -0.5 < r
D

 < 0.5. However, the discrepancy seemed to 

be reduced as the measurement location was moved farther 

away from the center of the jet ( r
D

 < -0.5 or r
D

 > 0.5). 

This might also be explained in relation to the turbulence in-

tensity levels. For example, at -0.5 < r
D

 < 0.5 and x
D

 = 6, 

the turbulence intensity was less than 27%. At r
D

 < -0.5 or 

r
D

 > 0.5, the lowest possible flow acceleration should be 

reduced to less than 15,000 m/s2. This means that the accuracy 
of the flow accelerations was dependent on the lower limit of 
the flow acceleration, which was incurred by the turbulence 
intensity levels. This tendency also applied to the case with 

x
D

 = 12, shown in Fig. 6(e). In this case, the region where all 

the signal-processing algorithms agreed was expanded toward 
the central area in the jet flow, because the overall turbulence 
intensity increased more than 20%, for the entire region of jet 
flow. 

The same explanation could be extended to the radial distri-
bution of streamwise flow velocity and acceleration when Q  
= 736 L/min, as shown in Fig. 7. The only difference was that 
the mean flow acceleration increased to twice the original 
value in comparison with the case of Q  = 619 L/min. 

 
3.4 Processing speed of signal-processing algorithms 

The processing speeds of the signal processing algorithms 
for estimating flow velocity and flow acceleration are summa-
rized in Table 1. The processing speeds indicate the elapsed 
CPU time, which is taken to obtain the flow velocity and the 
flow acceleration, independent of the operating systems. From 
the data in Table 1, cost-effective algorithms could be found. 
For example, the FFT was the fastest algorithm, because it 
calculated flow velocity without estimating flow acceleration. 
The 2-pt FFT followed the FFT, because the 2-pt FFT calcu-
lated both flow velocity and acceleration using the FFT algo-

 

 

 
 
Fig. 7. Flow velocity and flow acceleration in a round free-air jet at 
Q = 736 L/min (radial direction). 

Table 1. Processing speed of the signal processing algorithms. 
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rithm. The QDT was also a fast algorithm, and was compara-
ble in processing speed to the 2-pt FFT. The QDT might be 
one of the most cost-efficient algorithms, because it showed  

good agreement with the derived acceleration ( VdV
dx

) in the  

impinging jet with the circular cylinder, as indicated in Fig. 4. 
However, in the round free-air jet flow, the QDT did not agree 
well with the derived acceleration, as shown in Fig. 5. There-
fore, the performance of the QDT in measuring the flow ac-
celeration depended on the flow configurations, such as the 
high SNR and the low turbulence intensity. 

The LSM and the MC must be robust algorithms, because 
these algorithms are derived from iterative parametric meth-
ods, which optimize flow parameters of a burst signal by itera-
tion [5-7]. The two algorithms gave similar estimations for 
flow acceleration in both the impinging jet and the round free-
air jet. In terms of the processing speed, the MC was two 
times faster than the LSM, as indicated in Table 1. Therefore, 
the MC was more cost-effective than the LSM, when one of 
the two iterative algorithms had to be chosen for flow accel-
eration measurement. 

The W-V showed similar measurement accuracy for flow 
acceleration in comparison with the QDT in the impinging jet 
with the circular cylinder, as is shown in Fig. 4. The process-
ing speed of the W-V was the slowest among the signal-
processing algorithms, taking more than twice the time of the 
LSM. However, considering the good agreement with the 
derived flow accelerations in the impinging jet and the round 
free-air jet, the W-V provided the closest estimate values of 
the flow acceleration for the derived flow acceleration. There-
fore, the W-V showed not only the best accuracy but also the 
slowest processing speed in the measurement of flow accel-
eration. 

 
4. Conclusions 

Flow acceleration with the Lagrangian description is crucial 
to understanding particle movements in turbulent jet flows or 
dissipation statistics in isotropic turbulence. A fiber-optic 
LDA system was used to measure the flow acceleration in an 
impinging jet flow with a circular cylinder and a round free-air 
jet flow. The expanded uncertainty of the flow velocity with 
the LDA was within 0.55% ( k  = 2.09) at 488.0 nm, and 
0.48 % ( k  = 2.11) at 514.5 nm, which values were compara-
ble to those of previous studies. In the flow experiments with 
impinging jets and a round free-air jet, the turbulence intensity 
levels played an important role in agreements between the 
measured and the derived flow accelerations. High turbulence 
intensity with SNR more than 20.7 ± 0.2 dB was important for 
obtaining correct values of flow acceleration. The processing 
speed of the five signal processing algorithms was examined 
(the 2pt-FFT, the QDT, the LSM, the MC, and the W-V). The 
QDT was considered to be accurate with high processing 
speed; however, the QDT was only applicable to flows with 
large deceleration and high SNR more than 20.7 dB. The MC 
was regarded as a good algorithm with moderate processing 

speed, because it is applicable to burst signals with SNR as 
low as 17.0 dB. The W-V gave the most accurate value for 
flow acceleration, comparable to derived flow acceleration. 
The W-V was applicable to burst signals with relatively low 
SNR of 17.0 dB. However, the processing speed was the 
slowest among the signal-processing algorithms. Therefore, it 
was found that the W-V is a useful algorithm for flow acceler-
ometry, although the W-V takes a great deal of processing 
time for analysis. 

 
Nomenclature------------------------------------------------------------------------ 

A  : Flow acceleration [m/s2] 
A  : Estimated value of flow acceleration [m/s2] 
D  : Nozzle diameter [mm] 
Q  : Flow rate [L/min] 

( )U A  : Expanded uncertainty of A  [m/s2] 
( )U V  : Expanded uncertainty of V  [m/s2] 

V  : Flow velocity [m/s] 
V  : Estimated value of flow velocity [m/s] 

SW  : Wigner-Ville transforms of ( )s t   
a'  : Standard deviation of A  [m/s2] 
e  : Least square sum [V2] 
f  : Frequency [Hz] 

Df  : Doppler frequency [Hz] 
k  : Coverage factor 
r  : Radial direction [mm] 
( )s t  : Burst signal [V] 
*( )s t   : Complex conjugate of ( )s t  [V] 
( )s t%   : Hilbert transforms of ( )s t  [V] 
( )s t$   : Modeled burst signal of ( )s t  [V] 

t  : Time [s] 
( )u A  : Standard uncertainty of A  [m/s2] 
( )u V  : Standard uncertainty of V  [m/s] 

Ddfu
dx

⎛ ⎞
⎜ ⎟
⎝ ⎠

: Standard uncertainty of Ddf
dx

 [mm] 

( )Du f  : Standard uncertainty of Df  [Hz] 
( )u tΔ  : Standard uncertainty of tΔ  [s] 
( )u θ  : Standard uncertainty of θ  [rad] 
( )u λ  : Standard uncertainty of λ  [nm] 

v'  : Standard deviation of V  [m/s] 
x  : Main flow direction [mm] 

1x  : Horizontal axis from the center of an object [mm] 
tΔ  : Time difference [s] 
xΔ  : Fringe spacing [μm] 

η  : Constant to characterize the Gaussian window [1/s2] 
θ  : Beam crossing angle [rad] 
λ  : Wavelength of laser beam [nm] 
τ  : Time delay [s] 

0φ  : Phase angle [rad] 

0φ  : Estimated value of phase angle [rad] 
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