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Abstract 
 
This work focuses on the steady boundary layer flow and heat transfer near the forward stagnation point of plane and axisymmetric 

sheet towards a stretching sheet with velocity slip and temperature jump. The resulting nonlinear partial differential equations are reduced 
to the system of nonlinear ordinary differential equations by means of similarity transformations. The analytical solutions for the velocity 
and temperature distributions are obtained for the various values of the ratio of free stream velocity and stretching velocity, velocity slip 
parameter, magnetic parameter, the suction parameter, temperature jump parameter, Prandtl number, the radiation parameter and dimen-
sionality index parameter in the series forms with the help of homotopy analysis method. Convergence of the series is explicitly dis-
cussed. The flow and shear stresses depend heavily on the velocity slip parameter. The temperature gradient at the wall increases with 
velocity slip parameter, temperature jump factor and decreased thermal radiation.  
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1. Introduction 

Stagnation flow, which describes the fluid motion near the 
stagnation region, exists on all solid bodies moving in a fluid. 
There has been considerable interest in investigating plane and 
axisymmetric flow near a stagnation point on a surface. Hie-
menz [1] was the first to discover that the stagnation point 
flow can be analyzed exactly by the Navier-Stokes equations, 
and he reported two-dimensional plane flow velocity distribu-
tion. Later, Chiam [2] investigated two dimensional normal 
and oblique stagnation-point flows of an incompressible vis-
cous fluid towards a stretching surface while Mahapatra and 
Gupta [3] studied the heat transfer of normal stagnation flow 
to a stretching sheet. Recently Anuar Ishak et al. [4] investi-
gated mixed convection flow near a stagnation point on a ver-
tical surface.  

On the other hand, the radiative effects have important ap-
plications in physics and engineering, particularly in space 
technology and high temperature processes. Raptis [5] had 
considered thermal radiation effects on the flow of micropolar 
fluids past a continuously moving plate. El-Arabawy [6] stud-
ied the effect of suction or injection on the flow of a micropo-

lar fluid past a continuously moving plate with radiation. Re-
cently, Khan [7] studied heat transfer in a viscoelastic fluid 
flow over a stretching surface with heat source and radiation. 

In all the above mentioned studies, no attention has been 
given to the effects of partial slip on the flow. The no-slip 
boundary condition is known as the central tenet of the Na-
vier–Stokes theory. However, there are situations wherein this 
condition is not appropriate. Partial velocity slip may occur on 
the stretching boundary when the fluid is particulate such as 
emulsions, suspensions, foams and polymer solutions [8]. The 
effects of slip conditions are very important for some fluids 
which exhibit wall slip. Fluids exhibiting slip are important in 
technological applications, such as in the polishing of artificial 
heart valves and internal cavities. Therefore, a better under-
standing of the phenomenon of slip is necessary. Mooney [9] 
initiated the study of boundary layer flow with partial slip; 
many researchers [10-11] had confirmed the phenomenon of 
wall slip fluid. Hayat et al. [12] examined the effect of the slip 
boundary condition on the flow of fluids in a channel. The 
non-Newtonian flows with wall slip have been studied nu-
merically in Refs. [13-15].  

The stagnation slip flow on a fixed plate and on a moving 
one was considered numerically by Wang [16-17]. It was 
found that slip greatly affects the flow field. The present paper 
extends the results of previous authors by considering the 
effect of velocity slip and temperature jump. The method we 
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employed here is based on the homotopy analytical method 
(HAM [18]) of solving non-linear equations, which has al-
ready been applied to some other problems [19-21]. 

 
2. Mathematical formulation  

2.1 Flow analysis 

Consider the steady flow of a laminar, viscous and incom-
pressible, electrically conducting fluid near the stagnation 
point of a flat sheet coinciding with the plane y = 0, and the 
flow being confined to y > 0. x and y are the Cartesian coordi-
nates with the origin at the stagnation point along and normal 
to the plate, respectively. A uniform magnetic field is applied 
in the y-direction causing a flow resistive force in the x-
direction. The magnetic Reynolds number is assumed to be 
small, so that the induced magnetic field will be neglected. 
Under these conditions and taking into account the boundary 
layer approximation, the system of continuity, momentum can 
be written as: 
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subject to boundary conditions 
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k is the index with k=1, Eqs. (1)-(5) are axially symmetric 
stagnation-point flows, while with k=0 is the plane flow. The 
x-axis is the tangential direction and x is interpreted as the 
radial direction for axisymmetric flow situations. u and v are 
the velocity components along the x-axes and y-axes, respec-
tively. ρ  is the density, ν is the kinematic viscosity, σ is 
the fluid electrical conductivity, 0B is the magnetic induction. 

0λ  is the mean free path and vσ  is the tangential momentum 
accommodation coefficient. The constant c ( 0> ) is propor-
tional to the free stream velocity far away from the surface. 

eu ax=  is free stream velocity of family shapes, in which a is 
a positive constant  

The velocity components are 
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Further, the following dimensionless quantities and trans-
formations are introduced: 

 

1
2

( )( )
(( 1) )

F yf
k c

η
ν

=
+

,  
1
2( 1)k cyη

ν
+⎛ ⎞= ⎜ ⎟

⎝ ⎠
.    (7) 

 
Inserting Eqs. (6) and (7) into Eqs. (1)-(3), results in 
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The boundary conditions in Eqs. (4) and (5) may be ex-

pressed in dimensionless form as 
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where the local Knudsen number xKn ( 0.01 0.1xKn< < ), the 
local Reynolds number Rex , velocity slip parameter λ , the 
Hartmann number M , the suction/injection velocity parame-
ter R , velocity ratio parameter d and the dimensionality index 
n  are defined, respectively, as: 
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2.2 Heat transfer analysis 

By using usual boundary layer approximations, the equation 
of the energy for temperature T in the presence of radiation 
may be written as 
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The appropriate boundary conditions are temperature jump 

at the wall 
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where wT is the wall temperature, T∞  is the temperature of the 
fluid far from the sheet, pc  is the specific heat capacity, κ is 
the thermal conductivity , rq is the radiative heat flux and 0S is 
the temperature jump coefficient. 

Using the Rosseland approximation for radiation [22] for an 
optically thick layer, one can obtain 
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where σ ∗  and k ∗  are the Stefan-Boltzmann constant and 
the mean absorption coefficient, respectively. We assume that 
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the temperature differences within the flow such as that the 
term 4T may be expressed as a linear function of temperature. 
Hence, expanding 4T  in a Taylor series about T∞  and ne-
glecting higher-order terms we get 
 

4 3 44T T T T∞ ∞≅ − .             (13) 
 
In view of Eqs. (12) and (13), Eq. (10) reduces to  
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From the above equation, it can be seen that the effect of 

radiation is to enhance the thermal diffusivity. Introducing the 
following dimensionless quantities  
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When Eq. (15) is inserted in Eq. (14), we obtain 
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which is to be solved subject to  
 

(0) 1 (0)θ βθ′= + ,    ( ) 0θ ∞ = .             (17) 
 
In the above equation, the thermal diffusivityα , the Prandtl 

number Pr, temperature jump factor β and the radiation pa-
rameter 0K are defined, respectively, as: 
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3. HAM solution for ( )f η  and ( )θ η  

3.1 Zeroth-order deformation equations 

Under the first rule of solution expression, the initial guess 
approximations for the HAM solution are 
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in which , 1,2,3,4,5iC i = are arbitrary constants. 

The zeroth order deformation problems are 
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In the above equations, [0, 1]q∈ is the embedding parameter, 

fh and hθ  are auxiliary non-zero parameters. Due to Taylor's 
theorem, one can write  
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3.2 High-order deformation equations 

Differentiating the zeroth-order deformation in Eqs. (18)-
(21) k times with respect to q, then dividing by k! and finally 
setting q =0, we get the following kth-order deformation equa-
tions:  
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If auxiliary non-zero parameters fh and θh  are properly 
chosen, the homotopy-series solutions of Eqs. (22) and (23) 
may converge quickly. In theory, one can define the exact 
square residual error for the kth-order of approximation. 
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3.3 Recursive formulae 

We have the solution of problem as  
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Substituting Eqs. (28) and (29) into Eqs. (24)-(27), the re-
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m k m k m k m k m k m k m kt i i b k i b k bλ λ λ+ + + += + + − + +    

,

0 0, 2  0, 0, 1,
0 1             2( 1) ,  
1 .

i
m k

i j k or i j k
j i or k i j

otherwise
λ

= = ≥ > = ≥⎧
⎪= > + > + −⎨
⎪
⎩

       

 
Using the above recurrence formulae, we can calculate all 

coefficients ,
i
m ka and ,

i
m kb  by using only the first five given by 

the initial approximations:  
 

0 1 1 1 1
0,0 0,0 0,1 0,0 0,1

1,  ,  ,  1,  1
1 2λ
−

= = = = =
+

da R a d a b b .  

 
Therefore, the following explicit, totally analytic solutions 

of the present flow are 
 

1 2 2 1
0

,0 ,
0 1 1 0

( ) lim exp( )η η η
+ + −

→∞
= = = − =

⎛ ⎞= + −⎜ ⎟
⎝ ⎠
∑ ∑ ∑ ∑

N N N m k
i i

m m kN
m k m k i

f a a k , (30) 

1 2 2 1
0

,0 ,
0 1 1 0

( ) lim exp( )θ η η η
+ + −

→∞
= = = − =

⎛ ⎞= + −⎜ ⎟
⎝ ⎠
∑ ∑ ∑ ∑

N N N m k
i i

m m kN
m k m k i

b b k . (31) 

 
4. Results and discussion 

The convergence and rate of approximation for the HAM 
solution strongly depend on the values of auxiliary parameters 

fh and hθ . To see the admissible values of fh and hθ , the h-
curve is plotted in Fig. 1. Fig. 1 clearly elucidates that the 
range for the admissible values is 2.5 0.5hθ− ≤ ≤ − . It is 
founded that our analytic approximations for 0.36fh = − agree 
well with the results of Wang [16], as shown in Fig. 2. Our 
computations show that the series of Eqs. (30) and (31) con-
verge in the whole region of η when 0.56fh = − and 

1.5fh = − . 

Figs. 3-5 present representative profiles for the tangential 
velocity profile ( )f η′ and shear stress profile ( )f η′′ of plane 
and axisymmetric flows for various slip factors λ and veloc-
ity radio parameters, respectively. Fig. 3 shows that the flow 
has a boundary layer when 1d > . Furthermore, the thickness 
of the boundary layer decreases with increase in d . On the 
other hand, an inverted boundary layer is formed when 1d < . 
Slip velocity has the tendency to warm up and slow down the 
movement of the fluid. The effect of λ on the tangential ve-
locity depends on d. For 1,d >  increasing λ  in-
creases ( )f η′ , while for 1d <  increasing λ  decreases 

( )f η′ . When λ →∞ (full slip), the solution is the potential 
flow ( )f d Rη η= + . In Fig. 5, the influences of suction (R<0) 
and injection(R>0) are illustrated on shear stress profile ( )f η′′ . 
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Fig. 1. The hθ curve for 9th-order approximation of (0)θ ′ when 

00.1, 0.5, 0.0, Pr 0.7,d M Kλ = = = = →∞ . 
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Fig. 2. Values of (0)f ′′  when R = 0.0, M = 0.0, d = 0.0, n =1.0. 
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Fig. 3. Velocity profiles ( )η′f for different values of d with M = 0.5,
R = 0.0, 0.5λ = . 
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Fig. 4. Similarity velocity profiles ( )f η′ for different values of λ
with M = 0.5,R = 0.0, d = 0.5. 
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Fig. 5. Shear stress profiles ( )η′′f for different values of R with M = 
1.0, 0.5λ = n=1.0. 
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It is seen that the effects of parameters R on the velocity 
( )f η′ and shear stress ( )f η′′ are similar to those of the slip 

parameter. The streamline pattern for axisymmetric flow for 
5.0,λ = 0.5d = 0.5, 0.5M R= = is shown in Fig. 6.  

Fig. 7 is made for the effects of Pr and d on the temperature 
field ( )θ η . Fig. 7 shows that temperature ( )θ η decreases 
significantly with the increase in d. As anticipated, the thermal 
boundary layer thickness decreases with increasing Prandtl 
number. It is clear from this figure is that at a certain point, the 
temperature decreases with increase in Prandtl number Pr and 
the rate of heat transfer also decreases in this case. Fig. 8 
shows the effects of radiation parameter 0K on ( )θ η . It is 
obvious from Fig. 8 that the temperature ( )θ η  is a decreas-
ing function of 0K . 

Figs. 9 and 10 present the influence of the temperature jump 

parameter β  on ( )θ η  and ( )θ η′ . Physically speaking, the 
presence of temperature jump has the tendency to decrease the 
fluid temperature while ( )θ η′  increases as β becomes big-
ger. 

Finally, we compute the dimensionless shear stress 
(0)f ′′ at the wall and the heat-transfer coefficient (0)θ′−  for 

the various parameters involved in the problem in Figs. 11-14 
and Tables 1 and 2. Effect of slip parameterλ on (0)f ′′ de-
pends on d as shown in Table 1. It can be seen that when 

1d < , the wall shear (0)f ′′  increases with increase in λ . 
Yet, when 1d > , (0)f ′′  decreases with increase in λ . Ap-
plication of a magnetic field has the tendency to warm up and 
slow down the movement of the fluid. Again, the plane flow 
values (0)f ′′  are higher than those for axisymmetric flow.  

Figs. 11 and 12 present the influence of the temperature 
jump parameter, Prandtl number and the heat generation pa-
rameter on the temperature gradient at the wall. It is observed 
that (0)θ′−  increases as Pr and R  increase and decreases as 
β  increases. Fig. 13 depicts the variations in (0)θ′−  as a 
result of simultaneous increases in M  and 0K . The influ-
ence of 0K and M is to increase (0)θ′− with their increases. 
Fig. 14 shows that the magnitude of (0)θ′−  increases with 
increases in d . Effect of slip parameter λ on (0)θ′− is 
shown in Table 3. It can be seen that the heat transfer coeffi-
cient (0)θ′−  decreases with increases inλ . The effects of all 
the parameters mentioned above on (0)θ′− were similar for 
axisymmetric flows and plane flows. 
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Fig. 6. The stream line profiles for axisymmetric flow with

5.0, 0.5, 0.5, 0.5d M Rλ = = = = . 
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Fig. 8. Variation of ( )θ η with 0K  at 0.0,R =  0.0,M =  Pr 0.7,=
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Fig. 9. Variation of ( )θ η′  with β  at 0.0,R =  0.0,M =
Pr 0.7,=  1.0,λ =  0 0.5,K =  1.5d = . 
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Fig. 10. Variation of ( )θ η with β  at 0.0,R =  0.0,M =
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5. Conclusions 

The present paper theoretically studies the plane and axi-
symmetric stagnation flows and heat transfer towards a 
stretching sheet with velocity slip and temperature jump. The 
governing equations are transformed to ordinary differential 
equations by exploiting the similarity procedure. The resulting 
equation system is then solved analytically by using HAM. 
The velocity and temperature field are obtained in the form of 
series. The effects of the different emerging parameters are 
shown through some graphs. The values of the skin friction 
coefficient and the surface heat transfer coefficient are also 
given. From this analysis, we have made the following obser-
vations: 

(1) The dimensionless velocity ( )f η′  decreases with in-
creases in ,R λ and ,M n when 1d > . However, the opposite 
behavior has been found for 1d < .  

(2) The plane and axisymmetric stagnation flows depend 
heavily on the velocity slip factor. Also, increasing values of 
λ  decreases the variation of (0)f ′′  and makes the surface 
shear stress (0)f ′′  close to 0 with λ →∞ . 

(3) Shear stress at the surface (0)f ′′  increases with in-
crease in d as long as 1d > , but it decreases with increasing 
d when 1d < .  

(4) The dimensionless temperature field ( )θ η  decreases 
when Pr,d and 0,K β  increase for the plane and axisym-
metric flow. However, the variation ( )θ η′  has the opposite 

Table 1. Initial values (0)′′f ( 0.0,R =  0.5d = ). 
 

n n=1.0 n=0.5 

λ  M=0.0 M=0.5 M=0.0 M=0.5 

0.0 -0.66726 -0.75401 -0.53275 -0.58661 

0.1 -0.58004 -0.64689 -0.47506 -0.51855 

0.5 -0.38630 -0.41795 -0.33522 -0.35861 

1.0 -0.27531 -0.29221 -0.24760 -0.26107 

2.0 -0.17617 -0.18348 -0.16391 -0.17203 

5.0 -0.08531 -0.08712 -0.08215 -0.08388 

10.0 -0.04599 -0.04653 -0.04502 -0.04556 

30.0 -0.01619 -0.01626 -0.01606 -0.01614 

∞  0.00000 0.00000 0.00000 0.00000 

 
Table 2. Initial values (0)θ ′  ( 0.0,R =  0.5,d =  0.0,M =  Pr 0.7,=  

0 0.8K = ). 
 

n n=1.0 n=0.5 
λ  β =0.0 β =1.0 β =0.0 β =1.0 

0.0 -0.50159 -0.33459 -0.51104 -0.33798 

1.0 -0.46011 -0.31548 -0.46916 -0.31972 

10.0 -0.42759 -0.30004 -0.43256 -0.30183 

30.0 -0.42507 -0.29804 -0.42624 -0.29893 
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Fig. 11. Effects of β on (0)θ ′−  at 0.0,R =  0.0,M =  1.0,λ =  
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Fig. 12. Effects of R on (0)θ ′−  at 1.0,M =  0.5,λ =  0 0.5,K =  
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behavior for the temperature jump parameter β .  
(5) The magnitudes of the surface heat transfer (0)θ′−  in-

crease with increasing of parameter Pr,d and 0,R K . How-
ever, the variation (0)θ′−  has the opposite behavior for the 
temperature jump parameter β . 
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