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Abstract 
 
Odometry using wheel encoders provides fundamental pose estimates for wheeled mobile robots. Systematic errors of odometry can 

be reduced by the calibration of kinematic parameters. The UMBmark method is one of the widely used calibration schemes for two 
wheel differential mobile robot. In this paper, an accurate calibration scheme of kinematic parameters is proposed by extending the con-
ventional UMBmark. The contributions of this paper can be summarized as two issues. The first contribution is to present new calibration 
equations that remarkably reduce the systematic error of odometry. The new equations were derived to overcome the limitation of the 
conventional schemes. The second contribution is to propose the design guideline of the test track for calibration experiments. The cali-
bration performance can be significantly improved by appropriate design of the test track. The numerical simulations and experimental 
results show that the odometry accuracy can be improved by the proposed calibration schemes.  
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1. Introduction 

Odometry using wheel encoders provides fundamental pose 
estimates for wheeled vehicles. The major drawback of 
odometry is the accumulation of errors. Odometry error 
sources can be divided into two different groups as illustrated 
in [1-3]. The first source is systematic error, which is determi-
nistic. Systematic error sources include unequal wheel diame-
ters, misalignment of wheels, or kinematic modeling errors. 
Therefore, it is desirable to reduce the systematic error 
through appropriate calibration of kinematic parameters. 

The second source is nonsystematic error, which is stochas-
tic. Nonsystematic errors mainly result from environmental 
conditions such as an uneven ground or wheel slippage. 
Therefore, nonsystematic errors are described in terms of 
probability, for example, as in Ref. [4]. Since uncertainty of 
pose estimation grows according to the increase of the travel 
distance, external sensors are used for correcting the robot 
pose. Bento [5] and Surrecio [6] proposed nonsystematic error 
reduction methods by combining odometry and external mag-
netic sensor data. 

There have been some calibration schemes to compensate 
for systematic errors. Tonouchi [7] suggested a pose estima-

tion algorithm by means of Bayesian inference where the 
dead-reckoning position and the exact workspace model are 
fused. Komoriya [8] introduced a calibration method using the 
optical fiber gyroscope sensor. Doh [9] proposed a PC-method 
using path odometry information. The robot follows a GVG 
path for calibration. The scheme in Ref. [9] is applicable for 
all wheel structures. Ivanjko introduced a simple off-line cali-
bration method in Ref. [10]. The final robot poses were meas-
ured with respect to artificial landmarks and on-line adaptation 
was possible. Abbas proposed the bi-directional circular path 
test (BCPT) in Ref. [11]. Bostani [12] introduced a simple 
method for measurement and calibration of odometry errors. 
The calibration scheme was built on the basis of the scaling 
error Es that is the difference between the average and the 
nominal wheel diameter. 

There have been many useful calibration schemes for vari-
ous wheel mechanisms including two wheel differential 
wheels, synchronous wheels and car-like mobile robots as in 
Refs. [1, 3-14]. This paper deals with two wheel differential 
mobile robots. Two wheel robots are advantageous because of 
simple mechanical structures and controllers. The typical ap-
proaches for calibration of two wheel robots can be found in 
Ref. [1]. 

The UMBmark [1] is a widely used scheme. Since the cali-
bration is completed just by measuring the final position after 
a sequence of open loop motions, practical implementation is 
easy. This paper proposes a new calibration strategy by ex-
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tending the conventional UMBmark. 
Our first objective is to derive a new accurate calibration 

scheme after investigating the limitation of the conventional 
UMBmark. The calibration strategy in Ref. [1] was derived 
under the assumption that the wheel radius error and the 
wheelbase error are completely independent. The new calibra-
tion equations in this paper are derived under the investigation 
of coupled effect between the wheel radius error and the 
wheelbase error. 

The second objective is to present the design guideline of 
the test track for calibration experiments. From experience, the 
authors recognized that the calibration performance can be 
significantly improved by appropriate design of the test track. 
The presented numerical simulations show that the appropri-
ate selection of the track size is essential to improve the cali-
bration accuracy. 

This paper is organized as follows. Section 2 revisits the 
UMBmark in Ref. [1] and proposes new calibration equations. 
The requirements of the track design are explained. In section 
3, we investigate the advantage of the proposed calibration 
scheme and the importance of the track design through nu-
merical simulations. Experimental verifications are shown in 
section 4. 

 
2. Accurate calibration of kinematic parameters 

2.1 Illustration of the UMBmark in Ref. [1]  

Fig. 1 shows the experimental motion that was proposed in 

UMBmark [1]. Two sources of systematic errors were as-
sumed: wheel radius error and wheelbase error. In Ref. [1], it 
was assumed that two error sources independently affect the 
final positional errors of a robot. Two kinematic parameters 
are calibrated from positional errors. 

Fig. 2 illustrates the effect of kinematic parameter errors. 
Type A errors affect the orientation error during the rotating 
motion at corners as shown in Fig. 2(a). Type A errors are 
caused by the wheelbase modeling error. Fig. 2(b) shows 
curved paths because of the wheel radius modeling error. The 
curved motion causes type B error that result from the wheel 
radius modeling error. 

The final position of the robot is determined through highly 
nonlinear equations. Furthermore, there is a coupled effect 
between the radius error and the wheelbase error. In a strict 
sense, the principle of superposition in Ref. [1] is invalid. We 
propose a new calibration equation under the consideration of 
the simultaneous occurrence of type A and B errors. 

 
2.2 New calibration equations by considering the coupled 

effect of wheelbase errors and unequal wheel diameters  

The kinematic model of a mobile robot is shown in Fig. 3. 
The odometry pose of a differential drive robot can be com-
puted by following equations as in Ref. [13]: 
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xk : Position of the robot in the x-direction at time k, 
yk : Position of the robot in the y-direction at time k, 
θk : Heading direction of the robot at time k, 
∆dr(l) : Incremental displacement of the right and left wheels, 

               (a)                          (b) 
 
Fig. 1. The calibration experiments by the open loop motion control
along the square path to CW and CCW directions in UMBmark [1]. 

 

               (a)                          (b) 
 
Fig. 2. Illustration of end position errors by type A and type B errors.
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Fig. 3. The kinematic model of a two wheel differential mobile robot.
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∆θ : Incremental heading angle for the robot, 
Dr(l) : Nominal diameter of the right (left) wheel, 
Nr(l) : The number of encoder pulses of the right (left) wheel, 
Rer(l) : Encoder resolution of the right(left) wheel. 
 

To investigate the coupled effect between the wheel radius 
and wheelbase errors, we assume that two errors occur simul-
taneously. Fig. 4 shows that the orientation errors after a 
straight motion and a 90° turning motion in CCW direction. 
The initial robot heading is 0°. The resultant robot orientation 
may contain some errors because of wheel radius error as well 
as wheelbase error. The simultaneous occurrence of two errors 
was not considered in Ref. [1].  

When the right wheel radius is larger than the radius of a 
left wheel as εd, orientation error β takes place after a transla-
tional motion by 4m as shown in Fig. 4(a). The heading error 
β for m encoder pulses can be computed as the following 
equation: 
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Incremental displacements Rd∆ and Ld∆ can be obtained 

from Eq. (4). Fig. 4(b) shows the robot pose before the turn 
(gray) and the robot pose after the turn (black). The resultant 
heading after 90° rotational motion for n encoder pulses can 
be computed as a following equation: 
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From Eq. (6), it can be seen that the orientation error after a 

90° turn is caused by the coupled effect of the wheelbase error 
εb and wheel radius error εd. From Eq. (6), the following equa-
tion is derived: 
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Therefore, the orientation error α for 90° rotational motion 
is newly defined as follows: 
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α is caused by the wheelbase error. To compute 
dε

α in 
Eq. (8), translational displacement L and angular displacement 

nominalθ  can be derived as follows: 
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Finally, 

dε
α can be computed as follows: 
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According to the result in Eq. (10), the calibration equations 

can be rewritten as follows: 
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The first terms in Eqs. (11), (12) are identical to the equa-

tions in Ref. [1]. The second terms are newly added in this 
paper.  

 
2.3 Design of the test track 

One of the significant factors of odometry calibration is the 
design of the test track. The shape of the test track is identical 
to the square path in Ref. [1]. However, there are no consid-
erations on the size of the track in Ref. [1]. The size of the test 
track was 4mx4m without detailed explanation. The authors 
recognized that the size of the track plays a significant role in 
experiments. The size of the test track should be carefully 
determined under the consideration of the wheel radius, the 
kinematic modeling error and the calibration equations.  

When the track is too large, huge experimental space is re-
quired. In addition, pose error α in Eqs. (11), (12) becomes too 
large. This fact implies that the approximations sinα α= , 
cos 1α =  become invalid.   

                  (a)                        (b) 
 
Fig. 4. The occurrence of pose errors because of wheel radius errors 
and wheelbase errors (a) Heading error β after translation; (b) Heading 
error α after rotation. 
 



1606 K. Lee et al. / Journal of Mechanical Science and Technology 25 (6) (2011) 1603~1611 
 

 

On the other hand, too small tracks may result in too small 
final pose errors, which implies that the calibration results 
become too sensitive with respect to the measurement accu-
racy of robot positions. Therefore, the size of the test track is a 
significant experimental issue. For the calibration problem of 
a car-like mobile robot, the design guidelines and considera-
tions are presented in Refs. [14-16]. 

 
3. Simulations 

The aim of the numerical simulation is to clarify two contri-
butions of the proposed calibration strategy. The first objective 
is to show the advantage of the presented calibration scheme 
in Eqs. (11), (12). The second objective is to establish the 
design guideline of a test track. Nonsystematic errors were 
excluded from the numerical simulations because the major 
scope is to investigate the effect of systematic errors. 

In simulations, the robot pose is numerically computed 
from the robot kinematics under kinematic modeling errors. 
The calibration performance is evaluated by the difference 
between the real and the estimated Eb and Ed. Fig. 5 shows the 
resultant error of Eb and Ed under four different track sizes. 

The track size is denoted by the length of a side of a square L. 
Four selected tracks were L = 0.2, 1, 4, 16m. Since y repre-
sents the kinematic modeling error after calibration, smaller y 
is preferable.  

The initial condition was Eb = 1.010, Ed = 0.995. Fig. 5(a) 
shows the calibration result by the use of the conventional 
UMBmark. It can be seen that the parametric errors increase 
when the track size is too large. This result coincides with the 
comments in section 2.3. The large parametric errors resulted 
from the invalid approximation sinα α= , cos 1α =  because 
α  is too large. From Fig. 5(a), it is recommended to choose 
L ≤ 4m.  

From Fig. 5(a), it is clear that Eb still contains parametric er-
ror after calibration, while Ed can be accurately calibrated. The 
error source of Eb is the coupled effect of two error sources as 
explained in section 2.2.  

Fig. 5(b) shows the calibration result on the basis of the 
proposed calibration scheme in Eqs. (11), (12). It is clear that 
parametric errors of Eb become remarkably smaller than in Fig. 
5(a), which implies that the simultaneous occurrence of two 
errors should be modeled in the calibration equation. The re-
sultant Eb was 1.0128 under the conventional UMBmark in 
Fig. 5(a). The resultant Eb was 1.0103 by the proposed scheme 
in Fig. 5(b). The parametric error after calibration decreased 
from 0.28% (conventional) to 0.03% (proposed). This result 
shows that the calibration accuracy was improved by 10 times 
when the proposed scheme was applied. 

 
4. Experimental results 

4.1 Experimental setup 

Fig. 6 shows the commercially available mobile robot from 
Ref. [17] for experiments. The robot is driven by two inde-
pendent wheel actuators. The nominal dimensions are given as 
D = 150mm, b = 385mm and the width of a tire is 30mm. 
Each wheel is equipped with optical encoders and the resolu-
tion is 200,000 pulses/rev. The experimental robot poses were 

(a) Eb and Ed (Conventional UMBmark) 
 

(b) Eb and Ed (Proposed calibration scheme) 
 
Fig. 5. Kinematic parameter errors after calibration along four different
tracks L = 0.2, 1, 4, 16m. 

 

 
 
Fig. 6. The robot used in experiments.  
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monitored by the use of a commercially available 
STARGAZER system in Ref. [18].  

 
4.2 Calibration experiments and performance comparison  

The robot is driven by open loop control along the square 
path. The moving directions of a robot should include both 
CW and CCW. Two track sizes were tested for L = 1m and L 
= 4m. To investigate the effect of both systematic and nonsys-
tematic errors, the robot should be driven multiple times under 
the same condition. The geometric center of final poses under 
the same condition represents the final pose under the system-
atic errors. If the calibration is successful, the final pose after 
calibration converges to the origin. The pose distribution 
around the center represents the stochastic nonsystematic error. 
The final poses during the calibration experiments are plotted 
in Fig. 7. 

From Fig. 7, it can be seen that the final pose error along the 
4mx4m path is greater than the pose error along the 1mx1m 
path. This is natural because the final pose error is accumu-
lated when the traveling distance increases under the same 
systematic errors. The first experiment was carried out for the 
4mx4m path. From the final pose errors before calibration, Eb 
and Ed are computed. Then, the robot is driven again. It is 
evident that the final odometry pose after calibration is (x, y) = 
(-5cm, 16cm), which is close to the origin in Fig. 7. This result 
clearly shows that the proposed calibration scheme is useful in 
practical applications.  

To investigate the effect of the track size, a robot is driven 
along the 1mx1m path. Although the final pose before calibra-
tion was small, the final pose after calibration was (x, y) = 
(90cm, -60cm), which shows large pose error in Fig. 7. For 
comparison, the final pose after calibration was commonly 
tested for the 4mx4m path. This fact implies that the calibra-
tion process for the 1mx1m path was not successful because 
the track size was too small, as mentioned in section 2.3. On 

the other hand, the test track should not be too large, as ex-
plained in section 3.  

From experience, we found that the appropriate size of the 
test track is 2mx2m path under the present experimental con-
ditions. Therefore, our proposal can be summarized as the 
new calibration equations in Eqs. (11), (12) together with the 
2mx2m path. The second calibration experiments were per-
formed for comparison between the proposed and the conven-
tional calibration schemes. 

The experimental results are presented in Fig. 8 and Table 1. 
The final positional error before calibration was 146.14 cm. 
After application of the conventional UMBmark in Ref. [1], 
the error was reduced to 34.97cm. Therefore, the odometry 
accuracy was increased by four times by the UMBmark.  

The final pose error after the application of the proposed 
scheme was 6.79cm. The odometry accuracy of the proposed 
scheme is five times higher than the conventional UMBmark 
approach. This result clearly shows the advantage of the pro-
posed calibration scheme over the prior approach. 

Fig. 9 visually summarizes the comparison of the odometry 
errors of presented experimental results. It is clear that the 
odometry accuracy can be remarkably improved by the pro-
posed scheme.  

Since the calibration schemes include approximations, it is 
interesting to investigate whether the kinematic parameters 
converge through iterative calibration experiments. In Refs. 
[14-16], it is shown that kinematic parameters can be itera-

 
 
Fig. 7. Calibration results by the proposed scheme. The final pose
errors decreased after calibration. 

 

Table 1. Parameters of simulations and experiments. 
 

 Track length Before 
Calibration 

After 
Calibration  

2mx2m  10.99 cm  UMBmark 
Method 4mx4m 146.14 cm 34.97 cm 

Proposed 
Method 2mx2m  6.79 cm 

 

 
Fig. 8. Comparison between the proposed and the conventional calibra-
tion schemes. The final pose error of the proposed scheme is smaller. 
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tively calibrated for car-like mobile robots.  
Iterative calibration experiments were carried out for nine 

times. The objective was to investigate the convergence of 
parameters and to compare the proposed scheme with the 
conventional UMBmark. The initial conditions were set to be 
identical and the kinematic parameters were updated at the 
end of each iteration. 

Fig. 10 shows the odometry pose errors after each calibra-
tion experiment. It is clear that the errors decrease by iteration, 
implying that the kinematic parameters converge. Since there 
are various error sources including nonsystematic errors, the 
errors are hard to vanish completely. We set the threshold 
error of convergence as 0.3m. 

It is clear that the pose error by the proposed scheme con-
verged after the first iteration, while the error by the UMB-
mark shows slow convergence speed. Therefore, it can be 
concluded that the proposed scheme is more efficient from the 
viewpoint of convergence speed. 

 
4.3 Quantitative comparison experiments of odometry accu-

racy  

Calibrated kinematic parameters directly contribute to im-
provement of odometry accuracy of mobile robots. To clarify 
the advantage of the proposed calibration scheme, experi-
ments were carried out. The radius of the left wheel is inten-
tionally increased by winding tape around the tire in order to 
create extreme situations. Approximate difference of radius 
between the two wheels is 1.5mm. The test track is designed 

as a 3.6mx8.7m rectangle for simplicity. The translational 
velocity of the robot is 0.3m/s. The robot makes four CCW 
round trips from the origin. To monitor nonsystematic errors, 
three tests were done under the same condition. The resultant 
parameters by the conventional UMBmark were Eb = 0.9687 
and Ed = 0.9927. Calibrated parameters by the proposed 
scheme were Eb = 0.9762 and Ed = 0.9924. 

Fig. 11 shows the experimental results. The robot was ma-
nually driven repeatedly along the rectangular reference path. 
The actual positions of the robot always remain in the rectan-
gular path; however, the odometry path may contain errors 
due to systematic errors. 

From Fig. 11, it can be seen that the final positional errors 
without calibration are large. The nonsystematic errors are 
relatively small. Although the final positional error was re-
duced by the application of the conventional UMBmark, there 
are still large errors. On the contrary, the final positional errors 
with the proposed scheme are much smaller than for other 
results. 

Table 2 summarizes the final positional errors. The average 
positional error was 5.64m before calibration. The error was 
reduced to 1.39m by the conventional UMBmark. The error 
was further reduced to 0.07m when the proposed scheme was 
adopted. The positioning accuracy of the proposed scheme 
was improved by 20 times better than the UMBmark, and the 

 
 
Fig. 9. Comparison of the final pose errors. 

 

 
Fig. 10. Convergence of final pose errors by iterative calibration ex-
periments.  

 

Table 2. Parameters of simulations and experiments. 
 

End Position Errors (m) 
Experiment Raw  

odometry 
UMBmark 

method 
Proposed 
method 

1st 5.73 1.47 0.13 

2nd 5.60 1.33 0.05 

3rd 5.60 1.38 0.04 
Test 

Track 

Average 5.64 1.39 0.07 

 

 
 
Fig. 11. Comparison of odometry accuracy for three cases (Without 
calibration / UMBmark / Proposed). 
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improvement is noteworthy. Fig. 12 shows the odometry er-
rors according to the increase of the traveling distance. It is 
evident that the increase of odometry error is smallest when 
the proposed scheme is adopted. 

 
4.4 Experimental comparison of calibration performance 

In this section, we compare the calibration performance of 
the proposed method with previous approaches. Two methods 
were adopted and tested for comparison: Abbas’s BCPT(Bi-
directional circular path test) method [11] and Bostani’s me-
thod [12]. In the BCPT method, the robot is driven along a 
circular reference path in both CW and CCW directions, as 
shown in Fig. 13(a). During the experiment, resultant radii Rcw 
and Rccw of the circular paths are measured. The radii are used 
for calibration of systematic errors of odometry. 

In Bostani’s method, the Desired path is a straight line. A 
robot is driven back and forth, as shown in Fig. 13(b). On-the-
spot rotations are required in both CW and CCW directions at 
the end of the straight line. γ1 and γ2 in Fig. 13(b) are experi-
mentally measured. Measured γ1 and γ2 are used for calibra-
tion of systematic errors. In practice, γ1 and γ2 are much 
smaller than γ1 and γ2 in Fig. 13(b). 

To reduce the effect of nonsystematic errors, we repeated 
each experiment for five times. The two wheel differential mo-
bile robot in Ref. [17] and commercially available STARGAZER 
system [18] were used in experiments.  

The resultant error parameters from experiments are listed 
in Table 3. From Table 3, it is clear that three methods re-
sulted in different parameters. To investigate the accuracy of 
calibration, the robot was driven along the 4mx4m square path. 
For each kinematic parameter, a robot was driven five times. 

Fig. 14 shows the measured positional errors at the end of 
experiments. The average positional error was 1.06m before 
calibration. The final position errors were reduced to 0.44m 
(BCPT method), 0.42m (Bostani’s method) and 0.07m (pro-
posed method), respectively. After calibration, the final posi-

 
Fig. 12. Increase of odometry errors for three cases (Without calibra-
tion / UMBmark / Proposed). 

 

Table 3. The error parameters of the differential mobile robots from 
BCPT method, Bostani’s method and proposed method. 
 

 BCPT  
method 

Bostani’s  
method 

Proposed  
method 

Eb 0.9662 0.9683 0.9793 

Ed 0.9890 0.9823 0.9876 

 

 
(a) BCPT method 

 

(b) Bostani’s method 
 
Fig. 13. The illustration of experimental paths for the BCPT method 
[11] and the Bostani’s method [12]. 

 

 
 
Fig. 14. The final position errors after navigating 4mx4m square path 
(Without calibration / Bostani’s method / BCPT method / Proposed 
method). 
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tion errors were reduced by the application of calibration 
schemes. It is evident that the accuracy of the proposed cali-
bration scheme was highest out of three methods. 

 
5. Conclusion 

This paper proposed a new odometry calibration scheme to 
improve odometry accuracy of two wheel differential mobile 
robots. The first contribution is to derive new calibration equa-
tions by considering the coupled effect of diameter and 
wheelbase errors. The presented simulations and experiments 
clearly showed that the proposed scheme provides more accu-
rate calibration results than the conventional scheme. The 
second contribution was the suggestion of the appropriate size 
of the test track for calibration. The proposed scheme was 
experimentally verified and the advantages were clearly 
shown through quantitative comparison. The proposed cali-
bration scheme is expected to improve the accuracy of map-
ping and localization, for example, in Refs. [19-22]. 
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