Journal of

Mechanical
Science and
Technology

Journal of Mechanical Science and Technology 22 (2008) 2076~2089

www.springerlink.com/content/1738-494x

DOI 10.1007/s12206-008-0606-3

Penetrator strength effect in long-rod critical ricochet angle†
K. Daneshjou* and M. Shahravi
Dep. of Mechanical Eng., Iran University of Science and Technology, Tehran, Iran
(Manuscript Received April 7, 2008; Revised May 19, 2008; Accepted June 8, 2008)
--------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------

Abstract
3D numerical simulations were performed in order to further investigate the role of penetrator strength in the interaction of long-rods and oblique targets. Three distinctive regimes resulting from oblique impact depending on the obliquity, namely simple ricochet, critical ricochet and target perforation, were investigated in detail. Critical ricochet angles
were calculated with a full 3D explicit finite element method for various impact velocities and strength of target plates
and projectiles.
Numerical predictions were compared with existing two-dimensional analytical models and test results. It was predicted that critical ricochet angle increases with decreasing impact velocity and that higher ricochet angles were expected if higher strength target materials are employed. But there are differences between analytical models and 3D
numerical simulation results or test results. The causes for these discrepancies are established by numerical simulations
which explore the validity of the penetrator strength parameter in the analytical model as a physical entity.
As a matter of fact, in this paper we first investigate the role of penetrator dynamic strength using two-dimensional
simulation which resulted in different penetrator strengths out of different impact velocities. Next, by applying these
amounts for penetrator strength in Rosenberg analytical model the critical ricochet angle is calculated. Finally, a comparison between the present analytical method with the 3D simulation and test results shows that the new analytical
approach leads to modified results with respect to Rosenberg ones.
Keywords: Critical ricochet angle; Penetrator strength; Numerical solution; Long-Rod
--------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------

1. Introduction
It is well known that a projectile impacting on a
suitably inclined surface can bounce back from the
surface or partially penetrate it (without perforating it
and being stopped by it) along a curved trajectory on
the impacted surface with a reduced velocity [1]. This
phenomenon, known as ricochet, is controlled by
such factors as properties of the materials constituting
the projectiles and the impacted surfaces, impact velocity of the projectiles, and relative obliquity of the
surfaces with respect to the impact path of the projectiles, etc. [1]. Exploitation of ricochet to implement
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mass efficient means of armour protection is common
in many military applications [2]. Despite numerous
researches on ricochet of various types of projectiles
from various types of surfaces [3-13], critical conditions for the ricochet of long-rod type projectiles have
not been completely established yet.
On the extension of the series of investigations on
the impact of long-rods on targets [14-16], Tate first
described ricochet using a simplified two-dimensional
hydrodynamic model [6]. For the geometry shown in
Fig. 1, it was predicted that ricochet of a projectile
with a square cross section would occur if
tan 3 (

π
2

2

−θ) >

2 ρ pν L D
( + )(1 +
3 Yp D L

ρp
ρt

)

(1)

where θ is the oblique angle, ρ p and ρt are
densities of the projectile and the target, respectively,
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Fig. 1. Basic geometry used for simple two-dimensional
analysis for ricochet of long-rod type projectiles by Tate [6]
and Rosenberg et al [7].

v is the impact velocity, Yp is the dynamic strength of
the projectile, and L and D are the length and diameter of the projectile, respectively. It is predicted from
this expression that a higher projectile density, impact
velocity and L / D ratio and lower rod strength will
result in a lower ricochet angle.
However, in the derivation of Eq. (1), it was assumed that the projectile is a rigid body and that ricochet occurs due to the rotation of the projectile around
its mass centre caused by the asymmetric reaction
force exerted on its front from the impacted surface.
These assumptions do not properly reflect physical
phenomena predicted and observed in real systems,
where the projectile bends on impact and then a plastic hinge forms, which travels backward with the
progress of the projectile [1]. Further, Eq. (1) does not
contain parameters representing geometry and mechanical properties of the target plate, which are believed to have some effects on the ricochet behaviour.
Rosenberg et al. [7] supplemented some of these
shortcomings by further including the effect of target
strength and bending of the projectile. The ricochet
condition suggested by them is (see Fig. 1 for the
geometry):
tan 2 (

π
2

−θ) >

ρ pν 2 ν + u
(
)
Rt ν − u

(2)

Where Rt is the dynamic yield strength of the target
and u is the penetration velocity which is expressed as
[6]:

u=

{

}

ρ pν − ρ p 2ν 2 − ( ρ p − ρt ) ρ pν 2 + 2(Y p − Rt )
ρ p − ρt

(3)
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Though the theoretical model developed by
Rosenberg et al. includes the strength and density of
both the target plate and the projectile, the L / D ratio
of the projectile and thickness of the target plate are
excluded. Comparison with experimental results
showed that Eq. (2) formed a certain boundary between ricochet and penetration in terms of the ricochet angle expressed as a function of impact velocity,
implying that the two-dimensional model could provide qualitative information regarding the ricochet
condition.
However, recent numerical analysis by Zukas and
Gaskill [9], in which differences in two-dimensional
and three-dimensional calculations on the ricochet of
a square projectile with L / D = 2 were compared,
suggested that two-dimensional plane strain analysis
with FEM codes overestimates the critical ricochet
angles and therefore should not be used for design
purposes.
Further development of the analytical model for a
full three-dimensional geometry seems to be a formidable task due to the complexity of the physics involved in the ricochet, which includes large-scale
high-strain-rate elastoplastic deformation of the projectile and the target plate together with the erosion of
both occurring in a very short period of time [1]. Thus,
alternative approaches, the use of experimental and
numerical methods, have been used for more precise
description of physical phenomena regarding ricochet
by many researchers. Through a series of experiments
on ricochet of long-rod projectiles made of modeling
clay from a thick (undeformable) target, Johnson et al.
[10, 11] observed the formation of an asymmetric
elliptical crater on the target surface due to oblique
impact of the projectile. Elongation and subsequent
fragmentation of the projectile were also observed to
occur after ricochet. Reid et al. [12] carried out experiments on the deformation behaviour of mild steel
and aluminum long-rod projectiles striking at an undeformable oblique target and observed that the deformation of the projectiles consisted of impact end
mushrooming and projectile buckling followed by its
bending which terminated in a plastic hinge beyond
which the projectile was not deformed. However,
these experimental and numerical works were mainly
concerned with ricochet phenomenology from the
viewpoint of the projectile behaviour rather than critical ricochet condition such as ricochet angles.
We summarize a series of two-dimensional numerical simulations which were performed to study
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the effects of material properties on the terminal ballistics of long-rod penetrators.
In this section an investigation on penetration velocity is done and variety of Yp corresponding to different impact velocity is obtained. Successively the
mentioned obtained amounts are taken to an analytical formula and the critical ricochet angle is calculated.
Some existing work on oblique impact [17-23] or
near normal impact of the yawed projectiles [24-31]
should also be noted. Although some useful information about the behaviour of the projectile and target
during high-velocity impact can be obtained from
these studies, they are focused more on the penetration and perforation process rather than the ricochet
phenomena and, in particular, critical ricochet conditions. Especially, little attention has been paid to the
problem of the modification of 2D critical ricochet
angle analytical models. Thus, in the current study,
ricochet phenomenology as well as the critical ricochet condition was numerically investigated for a real
situation where a long-rod projectile impacts on
oblique RHA and S-7 tool steel plates at various ordnance velocities. Experiments were also carried out to
verify the numerical results from last papers.

2. Numerical analysis
2.1 Step1:
Existing ricochet models use a simplified twodimensional hydrodynamic model [4] to predict penetration velocity; therfore, many simulations were
performed in order to further investigate the role of
penetrator strength in penetration velocity(u) at Eq.(4).
For the present purpose we used 2D simulations of
tungsten alloy penetrators and RHA targets.
1
1
ρ p (v − u ) 2 + Y p = ρt u 2 + Rt
2
2

(4)

In order to avoid strain rate and strain hardening effect, a simple von-Mises yield criterion was used for
both penetrator and target. Target yield strength
( σ yt ) varied between 0.8 and 1.2 GPa( typical values
for rolled homogeneous armor steels) and the penetrator's yield strength ( σ yp ) varied in the 0.4- 1.6 GPa
range. Five impact velocities were simulated: 1.2, 1.4,
1.6, 1.8 and 2 Km/s with L/D = 10.7 rods.
The output of each simulation was presented via
the velocity histories of the eroding head of the pene-

trator(u) and its decelerating tail (v). These u(t) and
v(t) data were used to plot the function A(t), which is
defined by Tate[4] through his expression for the
penetration velocity (u), using the modified Bernoulli
equation:
u=

v − λ (v 2 + A)1/ 2
1− λ2

Where λ = (

(5)

ρt
) is the density ratio and A is deρp

fined by
A=

2( RT − YP )(1 − λ 2 )

ρt

(6)

These equations were used to extract an effective
YP value for each case in the following manner:

during the penetration process of long rod with finite
strength, both its penetration velocity (u) and tail velocity(v) decrease with time. However, a measure for
the steady-state nature of the process can be obtained
by considering the time variation of A, as defined by
Eq. (5). If A(t) turns out to be constant for most of the
penetration process, one can use its value to define an
effective strength for the penetrator ( YP ) through Eq.
(6), since all the other parameters in this equation are
known. The output from a typical simulation is given
in Fig. 2 in terms of the time variations of u and v and
the calculated function A(t) using Eq. (5). As is
clearly seen, A(t) is relatively constant for times
greater than about 20 µ s in this simulation. This
constant value of A is inserted in Eq. (6) to find YP ,
Y
as described above and to calculate the ratio P ,
σ yp
where σ yp is the value for the yield strength of the
rod as used in the simulation. These variations of this
ratio can help in finding the source(or sources) for the
discrepancies between the one-dimensional model
and the experimental data discussed above.
2.1.1 The dependence of YP on penetrator and
target strengths
Y
Fig. 3 presents the results for the variation of P
σ yp
vs. σ yp for the two target strengths of 0.8 and 1.2
GPa. In both sets of simulations the impact velocity
was kept at 1.8 Km/s and penetrator's strength varied
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Fig. 2. Typical results for the time variations of u, v and A.

Fig. 3. Simulation results for

YP

σ yp

vs. σ yp for two target strengths (impact velocity is 1.8 Km/s).

in the 0.4-1.6 GPa range. All these simulations resulted in a relatively constant A(t) (for t>20 µ s ), as
shown in Fig. 2, so that the computational error on
Y
YP is relatively small. Values of P in the range
σ yp
of 3-1.6 were obtained, as shown in Fig. 3, which is
not surprising considering the fact that an empirical
value of 2 is commonly used for this ratio in the 1D
model. The closeness of the two sets of values for
YP means that it is quite insensitive to target strength,
which is what one expects from such a parameter.
Y
The strong decrease of the ratio P with σ yp
σ yp
is somewhat surprising considering the role of YP as
a dynamic strength parameter, which is responsible
for the deceleration of the penetrator. However, one
can argue that this parameter contains other features
in the interaction which are not manifested in the 1D
model and the decrease shown in Fig. 3 includes the
contributions of these features. One can conclude that,

with a proper functional dependence of YP on σ yp ,
YP is a valid parameter in a one-dimensional model,
at least as far as its sensitivity to both target and penetrator strengths is concerned.
2.1.2 The dependence of YP on impact velocity
In order to explore the velocity dependence of YP ,
another set of simulations was performed with L/D
=10 rods ( σ yp =1.2 GPa) impacting the target
( σ yt =0.8 GPa) at velocities in the range of 1.2-2.0
Km/s. The YP values for these simulations are
shown in Fig. 4 from which one clearly see the strong
dependence of YP on impact velocity. This strong
dependence is probably the main reason for the failure of the 1D model to reproduce the data. It is also
worth noting that while for the higher velocities (1.8
and 2.0 Km/s) the A(t) curves exhibit a relatively flat
plateau, it is less so for impact velocity of 1.4 Km/s.
Moreover, the time dependence of A(t) is stronger for
the higher strength penetrators and with σ yp =1.6
GPa it was practically impossible to obtain even an
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Table 1. critical ricochet angles.
Velocity (m/s)

1200

1400

1600

1800

2000

YP

1.6

1.8

2.0

2.2

2.36

Fig. 5. Typical finite element mesh coordinate system used
for the numerical study in this work.

Fig. 4. The dependence of YP on impact velocity for
σ yp = 1.2 GPa and Rt = 0.8 Gpa.

average value of A(t). Thus, the primary penetration
phase for these high-strength rods is far from a
steady-state process in sharp contrast with the basic
assumption behind the 1D model.
As Fig. 4 depicts in steady state penetration region,
an increase of 200m/s in impact velocity causes a 0.2
in YP . YP values shown in table 1.
2.2 Step2:
In this case, a full three-dimensional explicit finite
element analysis with Lagrangian formulation based
on the principle of virtual work and the central difference time integration scheme [32,33] in Ls-dyna
software was carried out to investigate the ricochet
problem.
Fig. 5 shows a typical finite element model used in
the numerical analysis. The model consists of a rectangular oblique target plate and a cylindrically
shaped projectile with blunt nose shape that is initially
located 1 mm away from the target. Only half of the
whole geometry was modeled due to the inherent
symmetry of the model along the x-direction of the
coordinate as shown in Fig. 5. The length and diameter of the projectiles chosen for the numerical analysis
were 75 and 7 mm, respectively, giving an L/D ratio
of 10.7. Impact velocities of the projectiles were varied from 1000 to 2000 m/s with an increment of
250ms-l. Target plates modeled are l50mm long,
40mm wide and 6.25 mm thick. Obliquity of the
plates was varied from 3° to 25° with intervals of 1°.

Typical eight-node linear brick elements with reduced
integration were used for meshing as shown in Fig. 5.
There are a number of factors that affect mesh integrity. These include element aspect ratio, element
arrangement, uniform vs. graded meshes, and abrupt
changes in meshes.
Ideally, calculations would be done with 1 : 1 aspect ratios in the elements. This hardly ever happens
in practical 3-D calculations. Thus, it would be nice to
know how the solution is affected when elements
with aspect ratios exceeding 1 : 1 are used.
In order to test the mesh convergence in a numerical model, four set of different meshes were used.
Calculations were performed with one (8338 elements), two (25880 elements), three (81720 elements)
and four (187040 elements). calculations were done
with an aspect ratio of 1 : 1 in impact zone of target.
The critical ricochet angle as a function of impact
velocity was compared with experimental results.
With the exception of the lowest resolution, there was
relatively little difference for the higher resolution
calculations in terms of critical ricochet angle for the
3D calculations, but significant increases in CPU
times were observed as resolution was enhanced.
Therefore, the optimum model which leads to reliable
results with maximum error of 8 percent and could
save the run time is a model with 25880 elements. For
this reason, the authors used this model in all simulations.
Material properties were applied to the model by
assigning appropriate material properties to the predefined projectile and target element sets, i.e., properties of WHA to the projectile element set and properties of the two types of high hardness steel, namely,
RHA class 4 [35] and S-7 tool steel [36], to the target
element set.
In order to model a high-strain-rate mechanical response of the projectile and the target materials, a
commonly used constitutive equation, the Johnson-
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Cook equation [36], was used as it is known to describe high-velocity mechanical response of a number
of metals fairly well [37]. This has the form
⎛

⋅

⎞

ε ⎡ ⎛ T − Tr ⎞ ⎤⎥
σ = σ 0 + Bε np ⎜⎜1 + CLn ⋅ ⎟⎟ ⎢1 − ⎜
⎟
⎢
⎥
T −T
⎜
ε 0 ⎟⎠ ⎣ ⎝ m r ⎠ ⎦
⎝

(

)

m

(7)

where σ 0 is the static
yield strength, ε p the⋅ effec⋅
tive plastic strain, ε the effective strain rate, ε 0 the
reference strain rate, T the temperature, Tr the
room temperature, Tm the melting temperature and
B, C, m and n are material constants. For the materials
used in this study, these parameters were determined
from separate experiments (for RHA and WHA) or
taken from Johnson and Cook (for S-7 tool steel) [36]
and are shown in table 2 together with the basic
physical properties required for the calculations.
The interaction between the projectile and the plate
was simulated by a 3D Lagrangian-Lagrangian eroding contact algorithm based on a slave-grid/master
segment concept.
Erosion of the projectile and the target was simulated through a so-called adaptive contact algorithm
[38], which automatically updates contact definition
between the interacting deformable bodies upon
elimination of the elements when a pre-set level of
plastic strains, determined by a separate depth of
penetration (DOP) calibration, is reached. Pre-set
level of plastic strain that was applied is 1.5. This
value was obtained from many simulations from values 0.2 to 2 for strain.
For eroding contact, three parameters are defined as
follows:
1- The boundary condition symmetry option parameter that determines whether a symmetry condition will be retained along a surface where elements
fail.
2- The interior erosion option parameter that specifies whether erosion can subsequently occur along
internal surfaces when the exterior surface fails.
3- The adjacent material parameter that determines

whether solid element faces are included for erosion
along free boundaries.
Also Birth time value(contact surface becomes active at this time) set to 0 and Death time (contact surface is deactivated at this time) set to 1e20 µ sec .
Scale factor on default slave or master penalty stiffness set to 1.
Friction in Ls-Dyna is based on a Coulomb formulation. At this subject, an exponential interpolation
function smooths the transition between the static,
µ s , and dynamic, µd , coefficients of friction where
v is the relative velocity between the slave node and
the master segment:

µ = µ d + ( µ s − µ d )e − c v

(8)

Where
v=

∆e
∆t

(9)

∆t is the time step size, c is a decay constant and
typical values of friction, can be found in the Marks’
Engineering Handbook. Coefficient of friction used in
these simulations is equal to 0.32.

3. Experimental
Experiments were carried out to verify the numerical results. These results were used from earlier papers. The experimental set-up shown in Fig. 6 that
was used in those papers consists of three witness
blocks (38mm thick RHA class 4), an oblique target
plate (6.25 mm thick RHA class 4), a velocitymeasuring device and a solid propellant gun. WHA
projectiles with L / D ratios of 10.7 (L = 75 and D = 7
mm) were impacted at velocities of about 1000 and
1500 ms −1 . The velocities of the projectiles were
controlled by adjusting the amount of solid propellant
charge. The relations between the amount of the
charge and the projectile velocities were calibrated in
a preparatory experiment.[43]

Table 2. Material properties and constants for the Johnson-Cook model applied to the numerical model.

WHA

Shear modulus
(GPa)

ρ (kgm−3 )

Specific heat
( Jkg −1K −1 )

Tm ( K )

σ 0 ( MPa )

B( MPa )

n

C

m

152.02

17000

134

1723

1410

223.3

0.11

0.022

1.0

RHA

76.96

7840

477

1809

1160

415.9

0.28

0.012

1.0

S-7

79.96

7750

477

1763

1539

477

0.18

0.012

1.0
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Fig. 6. Schematic illustration of the experimental set-up for
the observations of oblique impact of a long-rod projectile on
a steel target plate performed in this study.[43]

4. Results and discussion
4.1 Post-impact behaviour of the projectile and the
target plate
Numerical results are graphically shown in Figs. 79 in terms of the mesh deformation with the lapse of
time to analyse the behaviour of the WHA projectile
and the RHA target with thickness comparable to the
projectile diameter during the oblique impact. When
the projectile impact velocity is 1000 ms −1 and the
target oblique angle is 10°, as in the case shown in
Figs. 7-9, the projectile initially bends on impact (Fig.
7a). Subsequently, a plastic hinge is formed which
remains at the initial point of impact with respect to a
fixed coordinate system (Eulerian) resulting in its
relative backward motion along the x-direction of the
coordinate system (Fig. 5) as the projectile progresses
forward [Figs. 7(b)-7(d)]. In the case being considered ( θ = 10°), where the oblique angle is lower
than the critical ricochet angle, the target does not
deform much and no significant erosion of the impacted surface is noticed whilst the front end (denoted
as head hereinafter) of the projectile lifts from the
target surface after sliding some distance and eventually the projectile bounces away [Figs. 7(e)-7(h)].
Such behaviour is yielded due to the asymmetric reaction force exerted from the contact area to the projectile, which is reportedly proportional to the area of the
contact, target strength and oblique angle [6, 7, 12].
When the oblique angle of the target plate is increased to 12 D while keeping the impact velocity the
same, the projectile shows somewhat different behaviour. As shown in Figs. 8(a)-8(d), it initially pushes
the impacted area of the target inward following impact since the target plate is allowed.
While the head of the projectile tends to bounce
back from the target due to the reaction force exerted
from the contact area at the initial stage of the impact,
its trailing portion (denoted as tail hereinafter) tends

to penetrate into the target along an almost identical
trajectory of the initial impact [Fig. 8(e)]. Consequently, the front part ahead of the plastic hinge,
which was bent and slid on the plate surface, bounces
away while the rear part behind it penetrates into the
deformed target forming a stretched section in the
projectile and an impact crater in the target [Figs. 8(f)
and 8(g)]. Indeed, the relatively thin deformable target plays a significant role in yielding such phenomena. At the critical oblique angle, the tail also bounces
away at a later time step before it completely perforates the target achieving critical ricochet [Fig. 8(h)].
At this stage the elongation of the projectile becomes
so severe that it results in the fragmentation of the
projectile.
When the oblique angle is further increased to 14 D
beyond the critical angle, as can be seen in Figs. 9(a)9(d), the initial behaviour of the projectile and the
target is similar to the case of critical ricochet shown
in Figs. 8(a)-8(d).
However, unlike in the previous case, the tail part
further progresses to penetrate into the target downward by eroding it [Figs. 9(e) and 9(f)], resulting in
the fragmentation of the projectile due to extreme
elongation as well as complete penetration (perforation) of the target as shown in Figs. 9(g) and 9(h).
Understanding the physical nature of the above behaviour of the projectile and the target can be supplemented by analysing the changes in the projectile
velocities after impact, as has also been performed for
normal penetration in the literature [39-41]. For this
purpose, post-impact changes in the horizontal (along
the x-direction) and vertical (along the y-direction)
velocities of head and tail of the projectile have been
monitored during the numerical calculations and the
results are plotted in Figs. 10-15. Before impact, the
head and the tail move at the same initial velocity of
1000 ms −1 and there is no vertical velocity term. For
a relatively low oblique angle, e.g., θ = 10°, as
shown in Figs. 10 and 11, the horizontal velocities of
the head and the tail of the projectile after impact are
kept almost identical, implying no significant axial
strain, which prevents projectile segmentation. It can
also be seen that the horizontal velocities did not decrease noticeably. From this, it is inferred that the
projectile does not encounter any significant resistance to its motion along the flight trajectory, and that
the impact interaction of the projectile with the target
does not cause any large-scale deformation of the
target.
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Fig. 7. Numerical results showing the behavior of the WHA projectile and the RHA target when the oblique angle is 10° an.d the
impact velocity is 1000 m/s.

Fig. 8. Numerical results showing the behavior of the WHA projectile and the RHA target when the oblique angle is 12° and the
impact velocity is 1000 m/s.

Fig. 9. Numerical results showing the behavior of the WHA projectile and the RHA target when the oblique angle is 14° and the
impact velocity is 1000 m/s.

2084

K. Daneshjou and M. Shahravi / Journal of Mechanical Science and Technology 22 (2008) 2076~2089

Fig. 10. Projectile head horizontal and vertical velocity
( θ = 10D ).

Fig. 11. Projectile tail horizontal and vertical velocity
( θ = 10D ).

While there were only slight changes in the horizontal velocities, the vertical velocities of the head
and the tail undergo noticeable changes during the
impact process. As can be seen in Fig. 10, the vertical
velocity of the head initially increases to about 300
ms −1 and remains almost the same thereafter, which
would be associated with sliding on the target surface
and subsequent takeoff of the head shown in Fig. 7.
On the other hand, the vertical velocity of the tail is
almost 0 until about 80 µ s and then increases to
about 550 ms −1 at 140 µ s . This indicates that the
impact of the head on the target does not cause any
yawing force in the rear part of the projectile which is
beyond the plastic hinge mentioned above. Nearconstant vertical tail velocity of 460 ms-l after about
160 µ s would indicate the takeoff of the tail as
shown in Figs. 7(f) and 7(h).
However, where critical ricochet was achieved
( θ = 12° for the case considered herein), as shown in
Fig. 12, the decrease in the horizontal velocity of the

head with respect to time is more pronounced than in
the previous case, indicating that the progress of the
head is hindered more. In particular, as shown in Fig.
13, the horizontal velocity of the tail decreases to
almost 0 from about 140 µ s , producing a velocity
difference between the head and the tail of about 750
ms −1 . Such a large velocity difference may cause
large-scale deformation and therefore it would explain the stretching of the projectile shown in Fig.
8(g) followed by the segmentation of the projectile
shown in Fig. 8(h). At the same time, a sudden drop
in the horizontal velocity of the tail between 100 and
150 µ s is believed to be related to the target cratering shown in Figs. 8(f) and 8(g), which could exert a
high resistance to the advance of the tail. When critical ricochet is achieved, even though the impact crater
is formed on the target, this does not lead to target
perforation. This can be explained from the changes
in the vertical velocities of the head and the tail
shown in Figs. 12 and 13, where it can be seen that
the head and the tail sequentially acquire positive,
vertical velocity components. They begin to take off
from the target plate at about 0 and 150 µ s , respectively, indicating no further penetration of the target.
A similar trend is obtained when the target oblique
angle is further increased, e.g., θ = 14°, as shown in
Figs. 14-15 while two apparent differences are noticed. First, the horizontal velocity of the head, once it
is decreased to about 700 ms −1 at about 120 µ s ,
remains nearly constant implying that the flight of the
head portion is no longer hindered by the target thereafter, probably due to the earlier segmentation of the
projectile. In the previous case shown in Fig. 12, the
head portion was connected to the tail portion through
the elongated portion until the later time step so that
the tail, still staying in the impact crater in the target,
delayed the propagation of the head, which is represented as continuously decreasing velocity. Second,
the behaviour of the tail after segmentation is completely different: the vertical velocity of the tail decreases to a negative value of about -180 ms −1 from
about 150 ms −1 , which is then maintained almost
constant after about 180 µ s . This indicates that the
fragmented tail is heading downward, which would
be responsible for the perforation of the target shown
in Fig. 9(h).
The post-impact behaviour of the deformable projectile and the deformable target with finite thickness
described so far in general agrees qualitatively with
what has been observed and predicted in the previous
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Fig. 12. Projectile head horizontal and vertical velocity
( θ = 12D ).

Fig. 13. Projectile tail horizontal and vertical velocity
( θ = 12D ).

Fig. 14. Projectile head horizontal and vertical velocity
( θ = 14D ).
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Fig. 15. Projectile tail horizontal and vertical velocity
( θ = 14D ).

works in which ricochet occurred at undeformable
(and sometimes rigid) target surfaces [6-12]. However, as apparent in Figs. 7-9, the inward deformation
of the target plate due to the finite thickness comparable to the projectile diameter is shown to assist the
segmentation of the projectile, followed by the perforation of the target plate by the broken rear part of the
projectile. Such phenomena could be responsible for
the difficulty of obtaining ricochet from relatively
thin plates.
Senf et al. [8] showed how the ricocheting rod can
form a plastic hinge at the impact site to deflect the
rod from a rigid target surface. These test results (see
Fig. 20) are similar to FEM solution results as shown
in Figs. 7 to 9. But in FEM solution the target plate is
not rigid and it deflected more.
4.2 Critical ricochet angles
In accordance with the definition of ricochet mentioned in the introduction, changes in the critical ricochet angles were derived by analysing the numerical
results graphically in the manner described in last
section and were plotted as functions of impact velocities in Fig. 16 for the RHA target plate. The ricochet
angle curves shown in Fig. 16 were obtained from
curve-fitting the numerical results as a first-order exponential decay function. The fitted equations, their
parameter values, and the statistical analysis of the
fitted results are also reported in the figure. The numerical results are confirmed with experimental results as shown in Fig. 16. In Fig. 16, the hollow circle
markers indicate perforation of the RHA target plate
by the long-rod projectile while the solid star markers
indicate critical ricochet of the projectile. It can be
seen that there is good agreement between the two.
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Fig. 16. Comparison of the numerically predicted critical
ricochet angles for various velocities with the experimental
results.

It is noticed in Fig. 16 that the critical ricochet angle falls with increasing impact velocities. In other
words, at a low target oblique angle, the ricochet can
be achieved up to relatively high impact velocities
though the penetration capability in flight direction is
high at such velocities, i.e., ricochet is easily achieved
with a low oblique angle. On the other hand, when the
target oblique angle is high, the ricochet is possible
only up to a limited impact velocity beyond which
full penetration (perforation) occurs.
Such a trend of increasing ricochet angles with
lower impact velocities can be understood from the
pressure (or axial stress) developed at the projectiletarget interface, known as Tate pressure, which takes
the form of a modified Bernoulli equation as [14, 15,
41]:
P=

1
1
ρ p (v − u ) 2 + Y p = ρt u 2 + Rt
2
2

(10)

The numerical results on the critical ricochet angles
are also compared with existing two-dimensional
analytical models developed by Tate [6] and
Rosenberg et al. [7], independently. The critical ricochet angles based on these models have been calculated for a WHA long-rod projectile and an RHA
target as functions of impact velocities in Fig. 17.
Also shown are the corresponding numerical results.
It can be seen in the figure that the Tate model overestimates the critical ricochet angle for impact velocities higher than 1170 ms −1 and vice versa for lower
velocities. Further, the slope of the Tate curve is different from the numerical one: the difference in the
two curves becomes larger as the velocity of interest
either increases or decreases from 1170 ms −1 . On
the other hand, the model developed by Rosenberg et

Fig. 17. Comparison of the numerically determined critical
ricochet angles for various velocities with those predicted
from two dimensional analytic models of Tate[6] and
Rosenberg et al. [7].

Fig. 18. Comparison of the numerically determined critical
ricochet angles for various velocities with those predicted
from two dimensional analytic models of Rosenberg et al.
[7] and new method.

al. shows a similar trend to the numerical results,
though the former overestimates the critical ricochet
angles at all impact velocities. As is shown in Fig. 17,
by use of the current framework, presented in this
paper, the discrepancies between the Rosenberg
method, simulation and test result can be diminished
up to 20 percent.
4.3 Effects of the target strength
While the RHA has been widely used as a primary
armour material over decades, in some cases, stronger
material such as high hardness armour (HHA) has
also been adopted, though its use is limited due to
lower toughness. To investigate the effect of material
strength on the ricochet angle, material constant terms
in the Johnson-Cook model for S-7 tool steel, which
has static yield strength and hardness similar to HHA
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produced by ThyssenKrupp AG, were taken from the
literature [36] and applied to the numerical model.
The ricochet angles calculated for S-7 tool steel were
plotted as a function of the impact velocity in Fig. 19.
It can be seen that a higher ricochet angle is predicted
for a given impact velocity if the target strength is
increased. Such behaviour is explained by examining
the one-dimensional hydrodynamic penetration model
described in Eq. (10). It was reported that the dynamic yield strengths of S-7 tool steel and RHA are
about 6.2 and 5.3 GPa, respectively [42]. Thus, at a
given impact velocity, the use of the high hardness
plate, S-7 tool steel, would foster the ricochet of the
projectile, i.e., the target plate can tolerate more vertical component of the projectile movement. This implies that a target plate with higher strength allows a
higher oblique angle for the ricochet of the projectile
at a given velocity.
It is further noticed in Fig. 19 that there is a salient
increase in the ricochet angle especially at low impact
velocities as the material strength increases whilst
improvement in ricochet capability through the use of

Fig. 19. Effect of target strength on the critical ricochet angles.

Fig. 20. Spark cinematography of a ricocheting rod projectile[34].
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stronger materials gradually decreases at higher velocities. Such a trend is qualitatively predicted when
the constant in Eq. (7), which is related to the dynamic strength of the target material, is changed to a
higher one for the S-7 tool steel.

5. Summary and conclusions
Ricochet of a WHA long-rod projectile impacting
on oblique, steel target plates with finite thickness
was investigated numerically by using a full, threedimensional, explicit finite element method. Effects
of the impact velocities of the projectiles and the
hardness of the projectiles and targets on the critical
ricochet angle were considered.
Numerical study results were supported by experimental observations of last papers. The post-impact
behaviour of the deformable projectile and deformable target with finite thickness in this work in general agreed qualitatively with previous work based on
undeformable (and rigid) target surfaces. However,
the deformable target assisted the breakage of the
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projectile followed by the perforation of the plate by
the broken rear part of the projectile.
For the cases considered herein, the numerical
study predicted that the critical oblique angle of the
target plates required for ricochet of long-rod type
projectiles rises with lower projectile velocity and the
prediction was shown to be reliable by experimental
results. This trend itself is consistent with a twodimensional analytical model, while it was suggested
that the two-dimensional results are an overestimation,
which is qualitatively consistent with the results of
Zukas and Gaskill [9].
According to two-dimensional simulations of penetration phenomenon, it is observed that the penetrator
dynamic strength depends on impact velocity magnitude. These newly obtained amounts are taken into
account, which leads to a closer coincidence between
calculated critical ricochet angle and the test results.
One other significant advantage of this method is
lowering the error between test results and the
Rosenberg analytical method in calculation of critical
ricochet angle.
When the target hardness was considered, the numerical results predicted that a higher ricochet angle
could be obtained by employing harder target materials for a given impact velocity, which was appreciable at lower velocities in particular.
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